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£SJ . 1- Introduction 

t-H ■ 

• • ■ Much of analytic number theory has only been extensively developed for problems de- 

. ^ \ fined over the rational numbers Q. While many generalisations to finite extensions of Q are 

^ 1 straightforward, there remain a number of areas where substantial technical obstructions per- 

sist. One such lacuna may be found in the Hardy-Littlewood circle method, which over Q 
begins with a generating function 

S(z) = ^o(n)e 2 " 2n . 
Typically one is interested in the term a(0), detected via 
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the idea being to break [0, 1] into subintervals [a/q — 5, a/q + 5] over which the integral is 
more easily estimated. A key innovation, due to Kloosterman [9], involves decomposing [0, 1] 
using a Farey dissection to keep track of the precise endpoints of the intervals. This allows 
one to introduce non-trivial averaging over the numerators of the approximating fractions 
a/q, an approach that is usually called the "Kloosterman refinement". This approach is not 
immediately available to us when passing to finite extensions of Q, since aside from work 
of Cassels, Ledermann and Mahler [1] particular to the imaginary quadratic fields and 
Q(p), no suitable generalisation is known of the Farey dissection to the number field analogue 



The primary aim of this paper is to provide an alternative route to the Kloosterman 
refinement over an arbitrary number field, circumventing the need for a Farey dissection. We 
will illustrate the utility of this new approach by applying it to a long-standing problem in 
Diophantine geometry. Given any cubic hypersurface X C P^T 1 defined over a number field 
K, a "folklore" conjecture predicts that the set X(K) of iT-rational points on X is non- 
empty as soon as n ^ 10. The following result establishes this conjecture for generic cubic 
hyper surf aces. 

Theorem 1.1. — Let K be a number field and let X C P^r 1 be a non-singular cubic hyper- 
surface defined over K. If n ^ 10 then X{K) ^ 0. 

In fact, as conjectured by Colliot-Thelene [13, Appendix A], we expect the Hasse principle 
to hold for non-singular cubic hypersurfaces X C P^r 1 with n ^ 5. Note that work of Lewis 
[11] ensures that X{K V ) ^ for every valuation v of K when n ^ 10, so that Theorem 1.1 
confirms the Hasse principle for the family of hypersurfaces considered here. 

The resolution of Theorem 1.1 for the case K = Q goes back to pioneering work of Heath- 
Brown [7]. Extending this approach to general number fields K, the best result in the 
literature is due to Skinner [15], who requires n ^ 13 variables. The loss of precision is 
entirely due to the lack of a suitable Kloosterman refinement, a situation that we remedy in 
the present investigation. When no constraints are placed on the singular locus of X, work 
of Pleasants [12] shows that n ^ 16 variables are needed to ensure that X(K) is non-empty. 
Finally, if the singular locus of X contains a set of three conjugate points then Colliot-Thelene 
and Salberger [2] have shown that the Hasse principle holds provided only that n ^ 3. 

It is now time to present the main technical tool provided in this work. Let K be a number 
field of degree d ^ 1 over Q, with ring of integers o. The ideal norm will be designated 
N o = #o/o for any integral ideal o C o. In line with our description of the Hardy-Littlewood 
circle method, we would like to use Fourier analysis to detect when elements of o are zero. In 
fact we will be able to handle the the indicator function 



defined on integral ideals a C o. When K = Q an extremely useful formula for 5k was 
developed by Duke, Friedlander and Iwaniec [4]. This was later revisited by Heath-Brown [8, 
Theorem 1] in an effort to relate it to classical versions of the circle method. In this paper 
we adapt the latter approach to the setting of arbitrary number fields K, as follows. 



of [0, 1]. 




1, ifa=(0), 
0, otherwise, 
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Theorem 1.2. — Let Q 1 and let a C o be an ideal. Then there exists a positive constant 
cq and an infinitely differentiable function h(x, y) : (0, oo) xK->l such that 

(O)^bCp (j(modb) V ^ ^ 7 

where the notation ^* ^ mod b ^ means that the sum is taken over primitive additive characters 
modulo b extended to ideals. The constant cq satisfies 

c q = 1 + O n (Q~ n ), 

for any N > 0. Furthermore, we have h(x,y) <C x" 1 for all y and h(x,y) / only if 
x ^ max{l, 2|y|}. 

This result will be established in §3. The number field K is considered fixed once and 
for all. Thus all implied constants in our work are allowed to depend implicitly on K. One 
obtains a formula for the indicator function on o by restricting to principal ideals, in which 
case one writes 5k{{o)) = 5k (a) for any a G o. 

Given the broad impact that [4] and [8] have had on number-theoretic problems over Q, 
one might view Theorem 1.2 as foundational in a systematic programme of work to extend our 
understanding to the setting of general number fields. In §5 we will indicate how Theorem 1.2 
can be used to count K-rational points of bounded height on projective hypersurfaces. This 
will form the basis of our proof of Theorem 1.1. 
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first author was supported by ERC grant 306457 and the second author was partly supported 
by EPFL, the Goran Gustafsson Foundation (KVA) at KTH and MPIM. 



2. Technical preliminaries 

Our work will require a good deal of notation. In this section we collect together the 
necessary conventions, in addition to some preliminary technical tools, relevant to our number 
field K of degree d over Q. Let r± (resp. 1r<i) be the number of distinct real (resp. complex) 
embeddings of K, with d = r\ + 2r2- Given any a € K we will denote the norm and trace 
by N K /q(a) and Tr^/j^a), respectively. Let pi,...,p n be the r\ distinct real embeddings 
and let p n +i, ■ ■ ■ , Pn+2r 2 be a complete set of 1r<i distinct complex embeddings, with p ri +i 
conjugate to /9 ri + r2 +j for 1 ^ i ^ r2- Let V denote the <i-dimensional commutative M-algebra 

ri+r 2 

K <g)Q R = K u 
i=i 

where K[ is the completion of K with respect to pi, for 1 ^ / ^ r\ + r2- Thus K\ = R (resp. 
K\ = C) for 1 ^ I ri (resp. for r% < I ^ r2). There is a canonical embedding of K into V 
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and we shall identify K with its image in V. Given v = {v^ l \ . . . , t>( ri+r2 )) £ V we define 
Nm(v) = v (1) ■ ■ ■ v {ri) \v {ri+1) \ 2 ■ ■ ■ \v (ri+r2) \ 2 , 

(2 1) 

Tr(v) = + • • • + w (ri) + 2K( W ( ri+1 )) + • • • + 2K(u( ri+r2 )). 

Furthermore, we define the character e(-) = e 27nTr (') on V. We will typically write G K\ 
for the projection of any v £ V onto the Zth component, for 1 ^ I ^ r\ + r%. Thus any 
v EV can be written v = u^. Likewise, given a vector v G F n , we will usually denote by 
v (0 g the projection of the vector onto the Ith component. 

The canonical embedding of K into V is given by a h-> (pi(a), . . . , /o ri + ra (a)). As mentioned 
previously we shall identify K with its image in V, under which any fractional ideal becomes 
a lattice in V. Let {ui\, . . . , w^} be a Z-basis for o. Then {coi, . . . , uj^} forms an R-basis for V 
and we may view V as the set {x±cji + • • • + x^oJd '■ x % G 

We will need to introduce some norms on V and y n . To begin with let 

(v) = max \v"'\, 
for any v £ V. We extend this to V n in the obvious way. Next, let 

fl. ifl<l<n, . . 

Q = { ' " (2-2) 

12, if r\ < I ^ ri + r%. 

We will also need to introduce a Euclidean norm || • || on V, given by 



We extend this to V n by setting 




ifv=fa,...,t; n ) G V n . 

We will make frequent use of the dual form with respect to the trace. For any fractional 
ideal a in K one defines the dual ideal 



a = {a G K : Tr K/Q (aa) C Z}. 
In particular a = a _1 U _1 , where 

t) = {a G -KT : ad C o} 

denotes the different ideal of -ftT and is itself an integral ideal. One notes that 6 = U . 
Furthermore, we have 6 C b if and only if b C a. An additional integral ideal featuring in our 
work is the denominator ideal 

Oy = {a G : cry G o}, 

associated to any 7 G K. 

We let -Djf denote the absolute discriminant of K. Finally, we will reserve Ek for denoting 
the set of units in 0. For an integral ideal 0, the notation ^2 a&a /E K means that the sum is 
over elements in a modulo the action of Ek- Given an element v G V it will sometimes prove 
advantageous to use the action of Ek to control the size of each component of v. This is 
the object of the following standard result. 
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Lemma 2.1. — Let v = ( «^ G V. Then there exists u G Ek such that 

| Nm(w)| 1/d « IM (0 I < I Nm(«)| 1 / d , 

/or 1 I ^ n + r2- 

Proof. — Let (p : Ek — >• M ri+T * 2 be the group homomorphism 

u ^ (ci log | | , . . . , c ri +r2 log | n (ri +r2) | ) , 

where q is given by (2.2). Then (p(Ek) forms a full n + r2 — 1 dimensional lattice in the 
hyper plane 

H = {e G M ri+r2 : ei + • • • + e ri+r2 = 0}. 

It follows that for any e G H, there exists a unit u G such that \<p(u) — e| <1. 

Now let (fy = q log and 6^ = q(log | Nm(u)|) /d, for 1 ^ I ^ ri + r2- Then it is clear 
that e = a-beff. Hence we can find w G Ek such that \<p(w ) — e| <C 1, which implies that 
|a — — b| <C 1. The lemma follows on taking u = w" 1 . □ 

2.1. The Dedekind zeta function. — In this section we discuss the Dedekind zeta func- 
tion associated to K. All of the facts that we record may be found in the work of Landau 
[10], for example. The Dedekind zeta function is defined to be 

( K ( S )= Yl ( Na )~ s < 

(O)^aCo 

for any s = a + it G C with a = 3?(s) > 1. The zeta function admits a meromorphic 
continuation to the entire complex plane with a simple pole at s = 1. Let 

A 



2r2 7r d/2- 

The functional equation for the Dedekind zeta function may be written $(s) = $(1 — s), with 

$(s) = A s r^) ri r(srcK(s). 

One recalls that T(s) has simple poles at each non-positive integer. By the class number 
formula we have 

A K = Residue s= i Q K (s) = == , (2.3) 

wkVDr 

where hx is the class number of K, wk is the number of roots of unity in K and Rk is the 
regulator. It follows from the functional equation that Ck(s) has a zero of order r± + ri — 1 
at s = and zeros of order n + r2 at all negative even integers. Noting that T(l/2) = y/n it 
easily follows that 

T K = Residues = (2.4) 

u s n+r 2 2 r i(27T) r 2 

We will also require some information about the order of magnitude of Ck(s). The func- 
tional equation yields (k(s) = 7a"(s)Ca"(1 ~~ s )> with 



7k(s) = ^4 



ri 

l-2s 



hzA\\ 1 /TVi ^\ r 2 



r(^)\ /r(i 



r(f) ) \ r(s) 
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In any fixed strip o\ ^ a ^ 02, an application of Stirling's formula yields the existence of 
A CT € C and A € R, depending on K, such that 

7*00 = A(jt (V2-<T)d e -^(iogt-A) A + } (2 5) 

as t — > oo. This is established in [10, Satz 166]. Here A = log 2ir + 1 — ^ log Dk is an absolute 
constant but A a depends on a and satisfies |A CT | = D]{ 2 ~ a (2n) d ^~ 1 / 2 \ Let 

fi K (a) = hmsup — . 

t^ioo log | i | 

We have 

'o, if ct > 1, 

Pk(<t) < { (1 - v)d/2, if < cr < 1, (2.6) 
(l/2-C7)d, if cr < 0. 

Here the first inequality is obvious and the final inequality follows from the functional equation 
for (k(s) and (2.5). The middle inequality is a consequence of the convexity of /x^(ct). 

2.2. Smooth weight functions. — Let K be a number field of degree d, as previously, 
and let V be the associated R-algebra W' 1 x C 2 . When dealing with functions on V or y n 
it will occasionally be convenient to work with alternative coordinates v = (v, y + iz) on V, 
with 

v = (vi . . . ,v ri ), y = (yi . . . ,y r2 ), z = (z x . . . ,z r2 ). 

We will then employ the volume form 

dv = dv\ • • • dv ri dyidz\ • • • dy r2 dz r2 , 

on V, where dvi is the standard Lebesgue measure on M for 1 ^ i ^ r\ and dy^^dzj are, 
respectively, the standard Lebesgue measures on 3?(C) and 9(C), for 1 ^ j ^ r2. The 
corresponding volume form on V n will be denoted by dv or dx. 

Our work will make prevalent use of smooth weight functions on V, and more generally on 
V n , for integer n ^ 1. For us a smooth weight function on V n is any infinitely differentiable 
function w : V n — > C which has compact support. The latter is equivalent to the existence 
of A > such that w is supported on the hypercube [— A, A] dn . Let n = 1. For any 
(3 =081,..., p d ) and any smooth weight function w on V, we will use the notation 

ri T2 

d^w(v) = Y[d^Y[d^ +ri d^ +ri+r2 w{v). 

t=l j=l 

We will denote the "degree" of j3 by |/3| = /?i + • • -+Af. When n ^ 1 is arbitrary, an analogous 
definition of d^wfa) will be used for any smooth weight w on V n , for (3 G 2^o- For a smooth 
weight w on l/ n , and any N ^ 0, we let 

A^ = sup ^w(x) . (2.7) 

We will henceforth write W n {V) for the set of smooth weight functions w on V n for which 
A^f is bounded by an absolute constant > 0, for each integer N ^ 0. We will write 
y^niy) for the subset of w 6 >^(^) which take values on non-negative real numbers only. 
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In what follows, unless explicitly indicated otherwise, we will allow the implied constant in 
any estimate involving a weight w G W n (V) to depend implicitly on A and A^. 

2.3. Additive characters over K. — Given any integral ideal b of K, an additive char- 
acter modulo b is defined to be a non-zero function a on o/b which satisfies 

a(ai + a 2 ) = o-(ai)a(a 2 ), 

for any a\, a 2 G o. Such a character is said to be primitive if it is not a character modulo c 
for any ideal c | b, with c 7^ b. We will make use of the basic orthogonality relation 



<j (mod b) 




a ) = r" ifb|(a) ' 

otherwise, 



for any 01 G 0, where the notation 5^u(modb) that the sum is taken over additive 

characters modulo b. In fact there is an isomorphism between the additive characters modulo 
b and the residue classes modulo b and so the number of distinct characters is Nb. In this 
isomorphism primitive characters correspond to residue classes that are relatively prime to 
b. Hence there are <p(b) distinct primitive characters modulo b. It is easy to see that if <7o is 
a fixed primitive character modulo b then, as (3 runs through elements of o/b (respectively, 
through elements of (o/b)*), the functions o"o(/3-) give all the characters (respectively, primitive 
characters) modulo b exactly once. 

For a given integral ideal b we now proceed to construct an explicit non-trivial primitive 
character modulo b. For this will need some preliminary algebraic facts to hand. Recall the 
notation d and a 7 , for the different ideal and denominator ideal, respectively. 

Lemma 2.2. — Let e > 0, let b,c be integral ideals and let 7 G K* . Then we have the 
following: 

(i) there exists a G b such that ord p (a) = ord p (b) for every prime ideal p | c; 

(ii) there exists a G b and an unramified prime ideal p coprime to b, with Np <C (Nb) e , 
such that (a) = bp. 

Proof. — Part (i) is due to Skinner [15, Lemma 1]. For part (ii) we note that b has w(b) = 
O(logNb) prime ideal divisors. However the number of distinct prime ideals with norm at 
most (N b) £ is 3> (Nb) £ / 2 . Using the equidistribution of prime ideals in ideal classes we 
therefore deduce that there exists an unramified prime ideal p such that Np <C (Nb) £ , with 
p { b and bp principal. Any generator a of bp then satisfies the properties claimed. □ 

The a constructed in part (ii) satisfies ordq(a) = ord q (b) for every prime ideal q | b, with 
|NA7Q(a)| < (Nb) 1+£ . Thus part (ii) is a refinement of part (i) in the special case c = b, 
with additional control over the size of the norm of a. We now have everything in place to 
construct our non-trivial character modulo an integral ideal b. Consider the integral ideal 

c = bd. 

By Lemma 2.2 (ii) we can find an integer a G c and an unramified prime ideal pi coprime to 
b, with Npi <C (Nb) £ , such that (a) = cpi. Applying Lemma 2.2 (i) we see that there exists 
v G such that pi | {y) but (v) and c are coprime. It follows that c = o 7 with 7 = v/a. 
Indeed, f3 G a 7 if and only if {fiv) C (a) = cpi, which is if and only if /3 G c. We claim that 

co(-) = e(7-) 
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defines a non-trivial primitive character modulo b. 

To check the claim we note that do is a trivial character if and only if 7 G 6. But this 
holds if and only if cu 2 9, which is so if and only if c = a 7 | d. This is clearly impossible. 
Suppose now that x,z G 0, with b \ (z). Then it is clear that a 7 | (z)f , whence 721 G 6. Thus 
(Jo( x + z) = (Jq{x) and so it follows that do is a non-trivial character modulo b. Lastly, we 
need to check the primitivity of the character. Let b\ \ b be any proper ideal divisor. Then 
the ideal bi7 is not contained in 6 and so there exists z G bi such that jz g" 6. This implies 
that (To is not a character modulo any ideal b\ \ b, with bi 7^ b, so that it is in fact a primitive 
character modulo b. 

We may summarise our investigation in the following result. 

Lemma 2.3. — Let e > and let b be an integral ideal. Then there exists 7 G K, with 
7 = v ja for a G bd and v G such that (u) is coprime to bZ), together with a prime ideal 
pi I {u) satisfying N pi <C (N b) e and (a) = bT)pi, such thate^-) defines a non-trivial primitive 
additive character modulo b. In particular, we have 

cr(modb) ae(o/b)* 

for any x G 0. 



Finally, we need to discuss how additive characters modulo b can be extended to arbitrary 
integral ideals C 0, as in the statement of Theorem 1.2. By part (i) of Lemma 2.2 there 
exists a G such that ord p (a) = ord p (o) for all p | abd. Given any additive character modulo 
b we will extend it to by setting <r(a) = <r(a). On noting that b | (a) if and only if b | 0, we 
conclude from (2.8) that 

(T ( a )_/ Nb ' ifb l a - ( 29 ) 

^ % I 0, otherwise. 

a (mod fa) I ' 

We will need to know that the sum 

a (mod b) 

over primitive characters modulo b, does not depend on the choice of a. This is achieved in 
the following result. 

Lemma 2-4- — Let a be an integral ideal. Let 01,02 6 such that ordp(oj) = ord p (o) for 
i = 1, 2 and all p | abd. Then 

a (mod b) (7 (mod 6) 

Proof. — Let ai,02 be coprime integral ideals, which are also coprime to obD, such that 
(aj~ 1 Q2) = a^ 1 02- Since oj~ 1 a2 is principal, the ideals Oi and 02 are in the same ideal class. 
Let pi be a prime ideal, coprime to abt), such that aipi and ct2pi are principal ideals. Thus 
we can choose integers x and y such that aipi = (/?i) and O2P1 = (^2), with f3±a2 = /^ai- In 
particular /3i,/32 are coprime to be). Denoting by @2 the multiplicative inverse of /?2 modulo 
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bd, it follows that 

a (mod b) a (mod fa) 

<t (mod fa) 
<j (mod fa) 

as required. □ 

2.4. Counting rational points on algebraic varieties. — Let G G o[X\, . . . ,X n ] be 
an absolutely irreducible homogeneous polynomial, with degree at least 2. We will need an 
estimate for the number of x G o n for which G(x) = 0, subject to certain constraints. 

Lemma 2.5. — Let B = 0; G V, with B® > and Nm(5) ^ 2. Let e > 0, let c be an 
integral ideal and let a G o n . T/ien we /iawe 



G(x) = 0, x = a(modc) J v v /y V Nc / 

The implied constant in this estimate depends at most on G and the choice of e. Lemma 2.5 
is a generalisation of [7, Lemma 15] to the number field setting. One expects that one should 
be able to replace the exponent 3/2 by 2. 

Proof of Lemma 2.5. — We denote by N{B; c,a) the quantity that is to be estimated. For 
the proof we may assume without loss of generality that Nc ^ Nm(5)/2, for otherwise 
the result follows from the trivial bound N(B;c,&) <C (1 + Nm(fi)/Nc) n . Let us define 
N(B; c) = max ago n N(B; c, a) and let 5 > 0. 

Applying Lemma 2.2(h) we see that there exists 7 G and an unramified prime ideal p 
coprime to c, such that (7) = pc and Np <C (Nc) 5 . Let us set g = (7). Then it follows that 

N(B;c,a)= £ N(B; g, a + b) < (N c) 5n N(B; g), (2.10) 
be(c/g)™ 

since #c/g = [c : g] = [0 : g]/[o : c] = Np. For any u G Ex, where Ek denotes the group of 
units of 0, we let u = © z \u^\. Then we have 

N(B; g) ^ max # mx£o": ' 1 ' 

aeo [ G(nx) = 0, ux = 'ua(mod0J 

n\ n |yW| < (fiS)W, 
sC max # s y G : I V. ; ' , , , 
aeo [ J G(y)=0, y = a(mod0) 

= N(uB; S ). 

According to Lemma 2.1 it therefore suffices to estimate the quantity N(B; q), for B satisfying 
<g Nm(i3) 1 / rf . Likewise, a further application of Lemma 2.1 allows us to assume that 
= (7), with (N0) 1//d <C |7^'| <C (N0) 1//d . Now let x be any vector in V n . Then there exists 
y G o n such that (7 —1 x - y} < 1. This implies that (x — 7V) <C (N0) 1 / rf , whence given any 
x G V n we can find a vector y G n = 70™ such that (x — y) <C (N0) 1 / d . Therefore, in our 
analysis of N(B;g,&) for given a G o n , it suffices to assume that (a) < (Ng) 1 ^. 
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Let Y C be the hypersurface G(a + 7X) = 0. This is clearly absolutely irreducible of 
degree at least 2. Given any H ^ 2, it follows from an application of the large sieve (see Serre 
[14, Chapter 13]) that 

#{x G o" n Y : (x) H} < H^l^ d \ogH. 

Furthermore, an inspection of the proof reveals that the implied constant is independent of 
a and 7. It now follows 

^.,.) = #{x^=^^-} 

#{xG o n DY : « 
< iJ^-^^logNm^), 

where = (1 + Nm^J/Ng) 1 ^. Inserting this into (2.10) and taking any 5 < e/n therefore 
leads to the conclusion of the lemma. □ 

2.5. Poisson summation over K. — We will need a version of the Poisson summation 
formula for number fields. This is provided for us by the work of Friedman and Skoruppa [5], 
in which we take the base field to be Q (and so m = 1). On R>o we define the function 

1 r +i °° -z ( 7r^r(f)\ ri / (2ny 2z T{z) ^ r ' 2 



1 

2vri 



C+JOO 



^^(z) ri /i(z) r2 dz, 



say, for any < c < 1/6. Then /c rii r 2 is a Mellin convolution fe^Q * /cq\, with 

2 

fei,o(t) = ^cos(27rt), fc i(t) = </o(47r\/f). 

V7T 



Let / G #i(K) and let a be a fractional ideal of X. Then the version of Poisson summation 
that we need takes the form 

A a' f°° , , 2 r2 vr d / 2 



E /(l N -/««l) = ^/ 'M*+vb*n; E /<HWI>. <"« 

a£a/E K JU v " /3eo/Bjf 

where Ax is given by (2.3) and 



/(y) = / f(t)k ri)r2 (ty)dt, 
Jo 

as a function on K>o- In fact we have 

/(y) «^v iT", (2.12) 
for any N ^ 0. This follows on noting that 



1 



C+lOO 



/(!/) = 7T-- / y- z 9(z) n h(z) n / /(t)t" 2 dtcb 

ZTTl Jc-ioc Jo 



1 

2tH 



1— c+ioo 

F(w)y w " 1 g(l - w) ri h(l - w) r2 dw, 

1— e— ioo 
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where F is the Mellin transform of /. Since / is smooth and compactly supported, it follows 
that F is entire and of rapid decay, enough to counter the polynomial growth of the functions 
g and h. The estimate (2.12) follows on shifting the contour sufficiently far to the left. 

Using (2.11) we may deduce a corresponding version in which the sum over elements is 
replaced by a sum over ideals. In fact, we will often be led to consider sums of the form 

E /(^ Nb )> 

M(0) 

for a parameter R > 0, with / £ #i(IR) and the sum being taken over integral ideals. To 
handle this sum we let [ci], . . . , [th K ] denote distinct cosets for the class group C(K). For 
each 1 ^ j ^ Kki we have a bijection between the set Sj of integral ideals in [cj] and the 
elements of the ideal cj 1 modulo the action of the unit group Ek- The explicit bijection is 
: Sj — > cj 1 /Ek, given by ipj(b) = cj 1 b. Using our decomposition into ideal classes we may 
therefore write 

^/( J RNb) = ^ £ f(R\ N(acj)l)- 

Let fj(t) = f(RtNtj). We analyse the inner sum using the Poisson summation formula in 
the form (2.11). This gives 

a fa f . poo 2 r2 7r^/ 2 Nc- 
E /id n */q(«)D = ~ J J^ A I /i(*) d * + nj£ 3 E /id N ^/Q^)D- 

An obvious change of variables reveals that 
Moreover, it follows from (2.12) that 

/•oo 

fj(y) = / f(RtNcj)k ri)r2 (ty)dt 

JO 



i?Nc/ V^Ncj 

for any A" 0. Reintroducing the sum over j, we have therefore established the following 
result. 



Lemma 2.6. — Let f £ Wi(M) and let R > 0. Then we have 

a r°° 

E /ORNb) = ~jf J Q f(t)dt + N {R N ), 



M(o) 

/or any Af > 0. 
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3. The smooth ^-function over K 

In this section we establish Theorem 1.2 and some further basic properties of the function 
h(x,y). Let w be any infinitely differentiable bounded non-negative function on K which is 
supported in the interval [1/2, 1] and satisfies 

/oo 
w(t)dt = 1. 
-oo 

In particular w G For Q ^ 1 define 

C Q 1 = A£ 1 Q-' i 5>(<r <i Nc), 

c 

where Ax is given by (2.3) and the sum is over integral ideals c C o. For any non-zero ideal 
a C o, we have 




where the sum is over integral ideals c dividing a. On the other hand, when a = (0), we have 




In this way we deduce that 

W.)-^«-£{»(£)-(^)}- 

c|a 

Using (2.9) to detect the divisibility condition, we may therefore write 




It is convenient to restrict the sum over additive characters to a sum over primitive char- 
acters, using the identity 

E = E E* *(*)■ 

cr(modc) b|c cr (mod b) 

This is well-defined by Lemma 2.4. Inserting this into (3.1) and re-ordering the summation 
we arrive at the expression for 5k(o) in Theorem 1.2, with 

^■rt-^E^^"!) — (^j)}- (3.2) 

Since w is bounded and supported in [1/2, 1] we see that h(x, y) ^ only if x ^ max{l, 2\y\} 
and, furthermore, 

^)«~ E w+ E 

\(2a;)- 1 s£N3<x- 1 |y| /x<N 3^2 |y | /a; 

Finally, h(x, y) is easily seen to be infinitely differentiable on (0, oo) x R since the individual 
summands are infinitely differentiable. 
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In order to complete the proof of Theorem 1.2, it remains to show that 

c Q = l + N (Q- N ) (3.3) 
for any N > 0. For this we apply Lemma 2.6 with R = Q~ d and f = w, concluding that 

/•oo 

V w(Q- d N c) = A K Q d / w(t)dt + N (Q~ N ) 

Jo 

for any N > 0. The first term here is AxQ d , whence 

Cq 1 = A A ;Q- d ^(Q- d Nc) = 1 + N (Q- N ), 

c 

as claimed. 

We now turn to a detailed analysis of the function h(x, y) in (3.2). If a m are the coefficients 
appearing in the Dedekind zeta function Ck(s), then it is clear that 



h(x,y) 



1 ^ a m f / \y\ \ \ 

— — } < w(xm) — w > . 

A k — ' xm I V xm I I 

m=l v s ' ' 



Our task is to achieve analogues of the corresponding facts established by Heath-Brown [8, §4] 
concerning h(x, y) in the case K = Q, which corresponds to taking a m = 1 for all m. However, 
rather than the Euler-Maclaurin formula, which is used extensively by Heath-Brown, we will 
use the Poisson summation formula in the form Lemma 2.6. The basic structure of the proofs 
will nonetheless remain similar. We begin with the following result. 

Lemma 3.1. — The function h(x,y) vanishes when x ^ 1 and \y\ ^ x/2. When x ^ 1 and 
\y\ ^ x/2 the function h(x,y) is constant with respect to y, taking the value 

ir— ^ -4ri«(iNs). 

Proof. — This is obvious on recalling that w has support [1/2, 1]. □ 

Our next task is to show that the sum involved in h(x, y) nearly cancels if x = o(min(l, \y\)), 
for which we will closely follow the argument used in [8, Lemma 4]. We will require some 
preliminary estimates for h(x, y) and its partial derivatives with respect to x and y. In view 
of (3.2) we may write h(x,y) = h\(x,y) — h2(x,y), with 

M*,v) = x-Z;/fc(N3) (3.4) 



K 



for k = 1,2, where 



m = i» (a;t ), aw = iw m 



Let i,j € Z^o- A simple induction argument reveals that 

( i» W) = x-'-v- J2 (■*-)"* *p« (-*-) (3.5) 

ax l aw \x \xnJ I ^-^ \xn/ \xnJ 

and 

^- C^w{xn) \ = d^x-^^n'w^ixn), (3.6) 
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for certain constants cy^ = Oij(l) and dj^ = Oj(l), with c^o.o = d^o- 

Suppose that x ^ 1 and |y| ^ x/2. In particular n l w^ '(xn) <C x~* whenever 1/2 ^ in ^ 1. 
Thus it follows from Lemma 3.1 and (3.6) that 

^-h(x,y)« lX -^ £ ^-<<i^- 1 - (3-7) 
Next suppose that \y\ ^ x/2. We claim that 

Qi+j 



dx l dyj 



h(x,y) <ij x ' ^yl J . (3. 



Now the terms (iNjJ'^^Nj) in the definition (3.4) of hi(x,y) only contribute to the 
partial derivative when x ^ 1 and j = 0, in which case they contribute Oi{x~ l ~ l ) as before, 
which is satisfactory. For the terms in h,2(x,y) we apply (3.5). Since 



Vxn/ Vxn/ 



it follows that 



x/^KNj^/Ij/I a 
which is satisfactory. 

Lemma 3.2. — Lei i,j,N E Z^o- 27ien we Ziawe 

' y) ^ij, N x't-j- 1 (x N + min{l, (x/\y\) N }) . 



dx % dyi 

The term x N on the right can be omitted if j 7^ 0. 

Proof. — If x ^ 2\y\ then the result is an immediate consequence of Lemma 3.1 and (3.7). If 
\y\ ^ x ^ 2\y\ then it follows from (3.8). Hence we may assume that x ^ \y\. The case N = 
is trivial and so we suppose that N ^ 1. 

Let i,j £ Z^o- Our argument is similar to the proof of (3.3), being based on Lemma 2.6. 
Writing h(x,y) = h\{x,y) — h2(x,y), as in (3.4), we deduce from (3.6) that 

| ; ft 1 (x, ! ,) = J-BN3r 1 | ; (>(xN 3 )) 

= ^-x~' Y. <t,iJ>N3)'-V'>(xN8). 

K 0^t=£i } 

We may assume that x ^ 1, else h\(x,y) = 0. Let gt(z) = -z t-1 u/')(z). On applying 
integration by parts repeatedly, we deduce that 

9t(z)dz = 0, (3.9) 
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for t 0. Calling upon Lemma 2.6 with f = gt and R = x, we obtain 

Qi 

dx 



■^jhx(x, y) = x- 1 - 1 V d iit I / 5i (z)dz + O w (/) 



= x— 1 UflJ^^Uz+o^Y 

Turning to the term h2(x,y) in (3.4), we deduce from (3.5) that 



(3.10) 



Let fj t t( z ) = z i 1 1 w^ +t \l/z) be functions on (0,oo). By making the change of variables 
u = 1/z, it easily follows from (3.9) that 

/•oo 

f j>t {z)dz = / u j+t - l w^> +t \u)du = Q, 



when j + 1 1. Applying lemma 2.6 with / = fjt and = x/\y\, we get 



dx % dy 



-h 2 (x,y)=x- l \yr^ 1 V Q^fM r /iii ( 2 )dz + O w ((|y|/x)" JV )') 



" i_1 |»r j UjflJ^fj^dz + ON {(\y\/x)- N ) 



When j / the integral vanishes and this estimate is satisfactory for the lemma. On the 
other hand, when j = 0, this becomes 



— i h 2 (x,y) = x- l ~ 1 [c h0fl ^-dz + N ((\y\/x) 



Once combined with (3.10) and the fact that Cj 5 o,o = ^i,o ? this therefore concludes the proof 
of the lemma. □ 

A crucial step in the proof of Lemma 3.2 involved writing h(x,y) = hi(x,y) — h2(x,y), 
where h\(x,y) satisfies the asymptotic formula (3.10) with i = 0. The latter expression is 
proved under the assumption that x ^ 1, but it is actually valid even when x > 1. It follows 
that 

h(x, y) = x- l H(\y\/x) + O n (x n ), (3.11) 
for any N > 0, where H : R>q — > M. is given by 



H(v) = / — —dt - — > — w — 
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4. Weighted averages of h(x, y) 

A crucial ingredient in our main term analysis will be a suitable variant of [8, Lemma 9], 
showing that for small values of x the function h(x, y) acts like a <5-function. In point of fact 
we shall be interested in the weighted average 

I{x) = I f( v )h(x,Nm(v))dv, 
Jv 

for < x <C 1 and / 6 W\{V). In a departure from our earlier conventions, in this section we 
will need to keep track of the dependence on / in any implied constant. 

When K = Q one finds that I(x) is approximated by /(0) to within an error of Of^]\f(x N ), 
for any N > 0. This is achieved through multiple applications of the Euler-Maclaurin sum- 
mation formula, an approach that is not readily adapted to the setting of general K. Instead, 
we will argue using Mellin transforms. Recall the definition (2.7) of A^, for any smooth 
weight function / : V — > C with compact support. Our goal in this section is a proof of the 
following result. 

Lemma 4-1- — Let f € W\{V) and let N > 0. Then we have 

m = ^m+o N (x) d ^x" 

We have not attempted to obtain a dependence on A^ , with M minimal, since all that is 
required in our application is that M be polynomial in N. When K = Q, so that Dk = 1 
and T2 = 0, we retrieve [8, Lemma 9]. Since h(x,y) <C x , by (3.7), we see that Lemma 4.1 
is trivial when x > 1. We therefore assume that x ^ 1 for the remainder of this section. 

Since / £ #i(V) there exists an absolute constant < A <C 1 such that f(v) = unless 
v = (v^\ . . . , tj( r i+ r2 )) satisfies \v^\ A for 1 I ^ n + r<i- We introduce a parameter T, to 
be selected in due course, which satisfies < T ^ A. We may then write 

I(x)= [ f(v)h(x,Nm(v))dv, 

SC{l,...,n+r 2 } Vs 

where S runs over all subsets of {1, . . . , r\ + and Vs is the set of v £ V for which 

' < T, iileS, 

>T, ifl^S. 

Let us denote by Is( x ) the integral over Vs- In our proof of Lemma 4.1 we will obtain an 
asymptotic formula for I{i >ri+r2 }(x) and upper bounds for all other Is{x). 

Given a vector e £ Z> and a vector t = (t\, . . .t^), we write t e = i^ 1 • • • t e ^ for the 
associated monomial of degree 

|e| = e - 

Let us work with a particular set S. By symmetry we may assume without loss of generality 
that S = {1, . . . , m} U {ri + 1, . . . , r\ + n} for some m ^ r\ and n ^ T2- Throughout this 
section it will be convenient to work with the coordinates v = (v, y + iz) on V, and to put 

V=(v,v), y=(y,y), z=(z,z), 

where v' = (v±, . . . ,v m ) and v" = (f m +i, • • • ,v ri ), and similarly for y, z. The idea is now 
to take a power series expansion of / around the point (0,v",0,y" + iz") to produce an 



\v®\ 
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approximating polynomial of degree M in the variables v', y', z', with error 
This leads to an expression 

/(«) = £ ^,b/yV + o M (xf +1 r M+1 ) , (4.1) 

aeZ ? " ,b,cGZ™ 
|a| + |b| + |c|^M 

for suitable coefficients ip a ^.c = ya.b,c( v ") y") z ")i with |<£> a ,b,c| = Om(A^) and 

Vo,o,o = /(0,v' / ,0,y" + iz"). 

Note that (4.1) holds trivially if S = 0, since then /(?;) = (^0,0,0- 

Next we set B(H) = {(y, z) € M 2 : y 2 + z 2 ^ H 2 } for the ball of radius H centred on the 
origin. We may therefore write 

/ x m+i t m+i\ 

I s(*)= E / ^b,c^dv"dy"dz" + M M , (4.2) 

a€Z™ ,b,c€Et v ,y ' z \ / 

|a|+jb|+|c|<M 

the integral being over v" G ([-v4,T] U [T, ^4]) ri ~' m and (y",z") G \ B(T)) r *- n , and 

where 

K = / / v' a y' b z' c /i(^Nm(vj + 2z))dv'dy'dz'. 

7[_T,T] m JB{T) n 

Recalling the definition (2.1) of Nm(t)), we see that 

Nm(v, y + iz) = vi ■ ■ ■ v n (yj + z\) ■ ■ ■ (y 2 2 + z 2 2 ). 

We extend this to Nm(v',y' + iz') and $ = Nm(v",y" + iz") in the obvious way, so that 
Nm(v, y + iz) = $ Nm(v', y' + iz'). We now make the change of variables 

(v,y,z) = |$| 1 /(-+2n) (V)y / )z0; 

which leads to the conclusion 

K = |$|~(l a l+l b l+l c l)/( m+2n )~ 1 /^ a '^ > ' c )(3;; r|$| 1 /( m + 2n )) j (4.3) 
where for any Y > we set 

l££' c >(s;Y) = / / v a y b z c /i(x,Nm(v,y + *z))dvdydz. (4.4) 

J[-Y,Y] m JB{Y) n 

Note that Im^n' C \x;Y) is completely independent of the variables v",y",z". The analysis of 
this integral is rather involved and will lead to the following estimate. 

Lemma 1^.2. — Let N\,N-i > 0, let < Y <C 1 and let m,n G Z^o> with m ^ n and n ^ V2- 
Let a G Z™ and b, c G Z> , wii/i |a| + |b| + |c| ^ M. Then we have Im^n' C \x; Y) = unless 
ai,bj,Cj are all even, in which case 

«' c) (*; Y) = - 2ri ^^ cS ' C) + Om,ni ({y^} Nl ) + ^ 2 (^), 
urei/t T# given by (2.4) and 



(a,b,c) = J !j */ ( m > n ) = ( r i, ^2) and (a, b, c) = (0, 0, 0), 
I 0, otherwise. 



c 
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Let us delay the proof of Lemma 4.2 momentarily, in order to see how it can be used to 
conclude the proof of Lemma 4.1. It is clear that |<I>| ^ j"rf-(m+2n) f or an y y //^ y//^ z // a pp earm g 
in (4.2). It therefore follows from inserting Lemma 4.2 into (4.3) that 

K = |^|-(|a| + |b| + |c|)/ (m+ 2n)-l f g^Tg^ j^}^ +0jV2 (^)|. 

Here we have |$|-(l a l+l b l+l c D/( m + 2n )- 1 <; j-d(M/(m+2n)+l) ^ r -d(M+l)_ Noting that $ = 1 
when (m, n) = (j"i,r2), and integrating trivially over v",y",z", we deduce from (4.2) that 

ori, r r aTllr ,.(0,0,0) / A M+l r M + l\ 

M*) = - ^ Cm,w /(o) + o M -I 

Ax y x J 

+ M , Nl , N2 (xfT-^ ({^} JVl +^ 2 ))- 

Let TV > be an integer. We now make the selection T = i^w, which is clearly 0(1). We 
choose M so that M + 1 = 2d(N + 1). This ensures that the first error term is satisfactory 
for Lemma 4.1. The second error term is seen to be satisfactory on choosing N% and N2 
sufficiently large in terms of M. It remains to deduce from (2.3) and (2.4) that 

2 ri 7r r2 Tjr _ y 7 ^ 
~~ 2 r 2 

Taken together, we may now conclude that 

I(x) = I {1> ... :ri+r2} (x) + ^ Is(x) 

SC{l,..., ri +r 2 } 



.f(0)+O N (\f 



2 r 2 

as required to complete the proof of Lemma 4.1. 

Proof of Lemma 1^.2. — For notational convenience let us write (v, y,z) = (v,y, z) in the 
integral Jm,'n {x;Y) defined in (4.4). To begin with, (3.11) yields 

4% b ' c) (*; Y) = x- 1 / / v-yV* ( |Nm(V ' y + iZ)l ) dvdydz + 0*(**), 

J[-Y,Y] m JB{Y) n \ x J 

for any N2 > 0. Note that the main term vanishes unless all the components of a, b and c 
are even, which we now assume. Now it is clear that 

2m^m+|a| 



v a dy 



Likewise we have 



with 



[-Y,Y] m Yll^m( a i + !) 



/ y b z c dydz= J] F(bj, Cj ), 

F(b,c) = [ y b z c dydz, 
Jb(y) 
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for even integers b and c. Switching to polar coordinates, we call upon the identities found in 
Gradshteyn and Ryzhik [6, §2.511], deducing that 

I 2 " „* w = (»-')"(*» . „, 

h W W (2j> + 2<,)» 

for any integers p, q ^ 0. Hence it follows that 

r>Y /-27T 



F(b,c)= / / p b+c+1 cos\e)sm c (9)dpd9 
Jo Jo 

yb+c+2 (ft _ i)|!(c— 1)!! 



• 2vr, 



whence 



with 



It will be convenient to define 



b + c+2 (6 + c)H 

/ y b z c dydz = C biC y 2n+ l b l + l c l, 
JB(X) n 



This allows us to conclude that 



-i^|a| + |b| + |c|+m+2n omn, 

4% b ' c) (-;n = -P^Y.9^1) + On 2 {x n % (4.6) 

x A// 



* 3 



with 



S (t) -^-f f ^ • 1„ ( Nm(V '^ + iZ) ) dvdydz, 

t-'b.c J\0,Y} m Jb(Y)« Xt \ Xt J 



i,c J[0,Y] m JB(Y) n 

for i > 0. Switching to polar coordinates as above we may write 

g(t) = [ [ vV b+c • ~w ( ^■■■^■■■Pn j dvdp . 

J[0,Y] m J[0,Y] n Xt V x * 

We are therefore led to analyse the sum 

S = ^ 5 (N 3 ), 

for which we will use properties of the Mellin transform 



poo 

g(s) = / t^g^dt. 
Jo 



It follows that 



If 

S = Va n #(n) = — ( K (s)g(s)ds, 

where a n are the coefficients appearing in the Dedekind zeta function Ck(s) and the integral 
is over the line a = = 2. In order to move the line of integration further to the left we 
will need a better understanding of the analyticity of g. 



20 



T.D. BROWNING & P. VISHE 



We will write u = (xt)" 1 ^ • • • v m p\ ■ ■ ■ p n and substitute for one of the variables. If m ^ 
then we substitute for v\. Alternatively, if m = 0, then we substitute for p\ and argue 
similarly. Assuming without loss of generality that m ^ 0, it will be convenient to put 
L = i>2 • • • v m p\ ■ ■ ■ Pn and to set vi = (v%, ■ ■ ■ , v m ) and ai = (02, . . . , a m ). Then for 9J(s) > 
it follows that 

sw =fW j Xp. (" ™(uyu„ 

Jo Jlox]" 1 - 1 J[o,Y] n L Jo V L J 



LY 

XV. 



V ^+| / " t° 1+8 - 1 dtdv 1 dpdu. 



'[o,y]«»-i J[o,Y] 
Carrying out the integration over t, we obtain 

(01 + Jo u s J^y]™- 1 y[o,y]« 

with 

_^|a| + |b| + |c| + (m.+2n)s roo w ^ 

FR{S) = X s YU^Jfli + S) n^ K n(^' + Cj + 2S) J 

for 3i(s) > and R > 0. As a formula this continues to make sense in the half-plane K(s) ^ 
and so provides a meromorphic continuation of g to the whole of C, with at most poles at 
the non-positive even integers. One sees that the pole at s = has order at most m + n — 1 
when (a, b,c) 7^ (0,0,0) and order m + n otherwise. Likewise, the poles at the negative even 
integers have order at most m + n. 

We take this opportunity to record an upper bound for |Fr(s)|. Assume that s = a + it 
with \t\ ^ 1 and recall that w S Repeated integration by parts then yields 

n s (s - 1) • • • (s - N) J v ' 

for any integer A ^ 0. In this way we conclude that 

2j|a|+|b|+|c| / ram+2n 



(l + |t|)* V x 

if s / 0, for any N ^ 0. 

Returning to our formula for S we seek to move the line of integration back to the line 
a = —Ni for some positive constant N±. This is facilitated by the polynomial decay in \t\ 
that we have observed in Fr(s). Indeed, in view of our convexity estimates (2.6), we are able 
to shift the line of integration arbitrarily far to the left. In doing so will encounter poles at 
s = 1 and possibly also at the non-positive even integers. We note that if g(s) has a pole of 
order ^ r\ + r% — 1 at s = then it will be compensated for by the presence of Ck(s), which 
has a zero of order r\ + T2 — 1 at s = 0. Similarly, any poles at the negative even integers 
will be compensated for by the zeros of (k(s) of order r\ + T2 at these places. The residue at 
s = 1 of ( K (s)g(s) is 

a -m A if y | a | + |b| + |c| W 2n 

Ak9{1) = ¥^~ c x ' 
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in the notation of (2.3) and (4.5). When (a, b,c) = (0,0,0) and (m,n) = (r\,r2), then 
Ck{s)(}(s) has a simple pole at s = with residue 

r K f°° , r K 

/ w(u )au = — — , 

2 r 2 y o V > 2 r 2 ' 

where T k is given by (2.4). Putting this together we may therefore conclude that 

/W 7/ i y|a| + |b| + |c|+m+2n y (a,b,c) 

~ 2 m C b , c s 2^ 

m+2n ^| ~JVl\ 



+ o^ 1 [yw + ibMci|ll_} 



fa b c) 

with Cm,V as in the statement of the lemma. Recalling that 7 < 1 and substituting this 
into (4.6), this therefore concludes the proof of Lemma 4.2. □ 



5. Application to hypersurfaces 

Suppose that Y C P^T 1 is a projective hypersurface defined by a homogeneous polynomial 
F G o[Xi, . . . , X n ]. In order to gauge whether or not Y"(if) is empty it is sometimes fruitful 
to study the asymptotic behaviour of sums 

N W (F;P) = 6 K (F(x))W(x/P), 
xeo n 

as P — > oo, where W £ W n (V). For any Q 1 we deduce from Theorem 1.2 that 

«w*w> = &E E" E^w)^w^(^,^"). 

In view of the fact that h(x, y) ^ only if x ^ max(l, 2|y|), it is clear that the sum over b is 
restricted to Nb <C Q d , if Q is taken to be of order p( de & F )/ 2 . Breaking the inner sum over 
x into residue classes modulo b, we see that it can be written 

u „r// w „, /N6 |Nm(F(x + a))|\ 
53 ( r(F(a))^^((x + a)/P)/ l ( ' J M , 

aG(o/b)™ xgb™ V ^ ^ 7 

for any primitive character a modulo b. We apply the usual multi-dimensional Poisson sum- 
mation formula (in the form found in Skinner [15, §5], for example), finding that the inner 
sum over x is 



W 2 

mgb 



DjI (Nb) n ./v VV d / 



where -Dx is the absolute discriminant of K and b is the dual of b taken with respect to the 
trace. Putting everything together we have therefore established the following result. 

Theorem 5.1. — We have 

N W (F,P) = ^-Y. E (Nb)-"5 b (m)/ fa (m), 

U K V b m g§n 
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where the sum over b is over non-zero integral ideals and 
S b (m) = Yl ^(a))e(m.a), 

a (mod fa) a (mod fa) 

/,<m) = W ix ,P )h (p, !»« ) e (- m .x) dx. 

This result is a number field analogue of [8, Theorem 2]. We apply this in the case that 
F G o[Xi, . . . ,X n ] is a non-singular cubic form in n ^ 10 variables. Using the embedding of 
K into V, we may write 

r i+r-2 

F= 

i=i 

where each F"' is a cubic form over .fQ for 1 ^ I ^ r\ +r2- Recall the definition of the norms 
(•), || • || from §2. 

Let £ = ©;£^ £ V n be a suitable point chosen as in [15, Lemma 13(i)]. Let 5$ > 
be a small constant such that the inverse function theorem can be used for F in the region 
(x — ^ Sq. Let u = x — Thus, without loss of generality, we may assume that there 
exists a smooth function /, such that for each 1 ^ I ^ r\ + r<i we have 

^) = / (0 (F (0 (u (0 +| (0 ) , n (0 ) ._ M (0 )) (5<1) 

whenever |tr^| ^ (u) ^ 5q- We henceforth view 5q as being fixed once and for all. 

Next, we take wq £ ^n + (^0 to be a smooth weight function which takes the value 1 on the 
region (x — £) ^ 5q/2 and is zero outside the region (x — £) ^ 5o. Let u : V n — > IR^o be the 
smooth weight function 

W (x)=exp(-(logP) 4 ||x-£|| 2 ). (5.2) 
The function W : V n — > R^o that we shall work with in N\y(F; P) is 

W(x) = wo(x)u}(x). 

In particular W is supported on the region (x) < 1. Let Q = P 3 / 2 . It now follows from 
Theorem 5.1 that 

„ or2n 

N W {F,P) = ^-— Y, £(N&)-»5 6 (m)I 6 (m). 

K ^ (0)^bCo me Sn 

Nfa<Q d 

The definition of h in Ib(m) means that one can freely replace | Nm(F(x))| by Nm(F(x)). 

We will use this expression to obtain an asymptotic lower bound for Nyy(F, P), as P — > oo. 
The terms corresponding to m = will give the main contribution. The following section will 
be concerned with the exponential integrals /^(m). Our analysis of the complete exponential 
sums iSb(m) will take place in §7. Finally, in §8 we shall handle the terms with m = and 
draw together the various estimates in order to conclude the proof of Theorem 1.1. 

Let p = Q" d N b < 1. The first task in §6 will be to prove the following result, which is 
based on repeated integration by parts. 

Lemma 5.2. — For any non-zero m £ V n and any integer N ^ 0, we have 
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This result shows that ib( m ) decays faster than any polynomial decay in (m). The tail of 
the series involving m in our expression for N\y (F, P) therefore makes a negligible contribu- 
tion, leaving us free to truncate the sum over m by (m) ^ P A , for some appropriate absolute 
constant A > 0. Thus we have 

N ^ P ) = ^^T, E E (Nb)-5 b (m)7 6 (m) + 0(l). (5.3) 

K V (O)^bCo me S" 
Nb<Q d (m)^P A 

We close this section by recording some further notation that will feature in our analysis. 
For a subset S = {s\, . . . , Sk} of {1, . . . , r\ + r2}, we define the restricted norm 



(I) 12 



Nm s (w) = Yl v(l) ] [ \ v 
les les 

l^ri l>ri 

on V. We follow the convention that Nmj(?j) = 1 and define the "degree of 5" to mean 
— J2ies c '> w ^ tn c i gi ven by (2-2). For any v G V, let 

T(v) = {1 / sC n + r 2 : \v {l) | > 1}. (5.4) 

The quantity | Nmy^ (v)\ will provide a useful measure of the "height" of a point v £ V, and 
we henceforth set 

Jt?:V^R >0 , v i-^ |Nm T ( w )(i7)|. (5.5) 
We may now establish the following result. 

Lemma 5.3. — Let A > and let a < —1. Then we have 

je( v ) a dv < Q i, 



/ 

J (v 



'{v&V:.^{v)KA} 

uniformly in A. 

Proof. — Given any subset S of {1, . . . ,ri + r2}, let denote the set of v E V for which 
| Nm,g(?;)| ^ A and T(t>) = S. In order to establish the lemma it suffices to prove the desired 
bound for each integral 



I s = / ,W(y) a dv. 
Jr s 

Note that for T(v) = 0, we have Jif(v) = 1, whence /g ^ 1 in this case. We next assume that 
5 = {si, si +m } is non-empty, with Sj ^ r\ for 1 ^ i ^ / and s/ + j > r\ for 1 ^ i ^ m. Let us 
make the polar change of variables (v^ Sl \ . . . , v^ Sl+m ^) goes to (ui, . . . , ui +m , 9±, . . . , # m ), with 



|u( Si )|, ifl^f^/, 
|i>( Si )| 2 , if I < i ^ I + m. 



In particular du^ ! +^ = 2 1 du;+jd^j, for 1 ^ i ^ m and J4?(v) = u\ ■ ■ ■ u/+ m . It follows that 

Is « J ul _ Ul+m>l (ui ■ ■ ■ u l+m ) a d Ul ■ ■ ■ du l+m . 

The statement of the lemma is clearly trivial unless A ^ 1, which we now assume. Write 
a = I + m for the cardinality of S and denote by J a the integral on the right hand side. In 
order to complete the proof of the lemma it suffices to show that J CT <C Q 1- We do so by 
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induction on a, the case a = 1 being trivial. For a > 1 we integrate over n^, finding that 
J a < a "/ct-i 1, by the induction hypothesis. This completes the proof of the lemma. □ 

Next, for any v G V let 

3(f) = / xeV „ ^(x)dx, (5.6) 

with as above. It is easy to see that 3(v) is an infinitely differentiable function on V with 
compact support. Furthermore, for any iV S Z^o 5 we have 

A^«^(logP) 27V , (5.7) 

in the notation of (2.7). It turns out that 3(0) is the "singular integral" for the problem. The 
"singular series" is given by the infinite sum 

6= ]T (Nb)-"5 b (0). (5.8) 

(O)^faCo 

Our main aim is to establish the following result, which clearly suffices to conclude the proof 
of Theorem 1.1. 

Theorem 5.4- — Assume that n ^ 10. Then there exists A > such that 

<yr2{n—l) 

N w(F,P) = (n „ 1)/2 63(0)p("- 3 > d + (P^ d - A ), 

with 

(logP)" 2 ^ 1 ) < 63(0) < (logP)" 2 ^" 1 ). 



6. Cubic exponential integrals 

Let b be a non-zero integral ideal with N b <C Q d and define 

p = Q~ d Nb. 

Thus )j £ I satisfies p <C 1. In this section we shall produce a number of estimates for the 
exponential integral I{,( m ) m (5-3), beginning with a proof of Lemma 5.2. By a change of 
variables we get 

I b {m) = P dn [ W(x)/i(p,Nm(F(x)))e(-Pm.x)dx, (6.1) 
Jv n 

where W is supported on the region (x) <C 1. Note that 

{W(x)h(p,Nm(F(x)))} = d^W(x)d^h(p,Nm(F(x))), 

p=p 1 +p 2 

for (3,(3 1 ,f3 2 running over Z^q. Since F is a polynomial, there exist polynomials fp 2 j, such 
that 

\P 2 \ 

^%,Nm(P(x))) = ^/ fe3 (x)^(p,N m (F( X ))), 
j=o 

with/i^')(x,y) = j^jh(x,y) <j x"- 5 '" 1 , by Lemma 3.2. Moreover, |d^iVK(x)| <| /3i | (logP) 2 ^! 
for any x S V n . Combining these estimates, together with the inequality p <C 1, we get 

^{^(x)%,Nm(F(x)))} ^(p-^ogP) 2 )^". 
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Using repeated integration by parts in (6.1), we arrive at the statement of Lemma 5.2. 

We now turn to a more sophisticated treatment of I^(m). Let L be a constant, with 
1 < L « 1, such that {F(x)) ^ L for every x G supp(PU). Set W2(v) = w\(v/2L), where 
w\ G W-j^V) is any weight function which takes the value 1 in the region (v) 1. Then we 
clearly have W(x) = W(x)W2(F(x)) for every x G V n . This allows us to write 

J b (m)= f W r (x/P){u; 2 (Q- 2 F(x))/ l ( /9 ,Nm(Q- 2 F(x)))}e(-m.x)dx. 

The Fourier inversion formula implies that 

W2 (Q" 2 F(x))/ l ( /) ,Nm(Q- 2 F(x)))= I Pp (v)e(vQ~ 2 F(x))du, 

where 

Pp( v ) = / w 2{x)h(p, Nm(a;))e(— ra)dx. (6-2) 

This yields 



with 



I b (m) = [ p p (v)K(Q- 2 v,m)dv, (6.3) 
*C(t>,m) = / VK(x/P)e(t>F(x) - m.x)dx. 



6.1. Weighted exponential integrals. — It is clear from our work above that we will 
need good estimates for integrals of the form 

w(x)h(p, Nm(x))e(-ra)dx, 

for w G W^iV). In fact, in the context of (6.3), in order for the integral over v to converge 
we require an estimate for p p (y ) that decays sufficiently fast. It turns out that we will require 
savings of the form J4?(v)~ N , in the notation of (5.5). The principal means of achieving this 
will be the use of integration by parts repeatedly. However, it will be crucial to apply this 
process in multiple directions, with respect to every component u« of v such that I G T(v). 

Recall our decomposition v = (v,y + iz), from §2.2. Let d[ denote d Vl for 1 ^ I ^ r±. For 
I > ri, we let di denote dy l r + d 2 Zl r ■ Given a subset S of {1, . . . , r\ + r2}, we let 

%=n>> 

and we let S c = {1, . . . ,n + ^} \ S. Recall the notation h^ m \x,y) = -g^h{x,y) for any 
m G Z^o- We are now ready to establish the following result. 

Lemma 6.1. — Let S C {1, . . . , r± + and let w G W\(V). Then given any k\,k2 G %^o> 
there exist weight functions ^s,fci,fc 2 > ^s"/^ fc 2 e %{V)> such that 

a s {u;(f)Nm(7;) fcl /i (fc2) (p,Nm(t;))} 

= w SMM (v) Nm(«) fcl h^\p, Nm(w)) 
d(S) 

+ 4 m fc ) 1 , fc2 ^)Nm S c(^)Nm(t;) max ^ ' fcl+m - 1 >/i( fc2+m )(p,Nm(' t ;)). 

m=0 
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Proof. — The proof will be given using induction on the cardinality of the set S. We will 
first prove the lemma when #S 1. Let 2 M ^ t\ + r-i- Then, assuming the result to be 
true for all subsets of {1, . . . , T\ + r?}, with cardinality at most M — 1, we will decompose a 
given subset S C {1, . . . , r\ + r<i\ of cardinality M as S = S± U {j}, with #Si = M — 1. We 
will then use the fact that ds = djds 1 and use the induction hypothesis accordingly. Notice 
that for 1 < i < ri we have 

<9j Nm(u) = Nmjj}c(»), 

and for r\ < j ^ ?"2, 

— Nm(V) = 2y 3 Nm {i}c (u), — Nm(«) = 2^ Nm {i}c (t;). 

Let K(V) = w(v)Nm(v) kl h^(p,Nm(v)). 

The case 5 = is trivial. Suppose next that S = {j}. By symmetry it suffices to deal with 
cases when S = {1} and S = {r\ + 1}. Suppose first that j = 1. This implies that 

d s K{v) = 9i(u;(t;)Nm(^) fcl / i (fc2) (/3,Nm(i;)) 
= {diw{v))Nm{v) kl h {k2) {p,Nm{v)) 

+ /ciw(?;)Nni5 C (t;)Nm(u) fcl - 1 /i (fc2) (/3,Nm(t;)) 
+ io(» Nm S c (u) Nm(v) fcl h {k2+1) (p, Nm(«)). 



This is clearly of the required form, with w$ ki k 2 = d\w. Suppose next that S = {r\ + 1}, so 

9 +d 2 



that ds = d? H + d 2 , . Notice that 



d 2 yi K{v) = d yi (d yi (w(v)Nm(v) kl h^(p,Nm(v)j)} 
= d yi ((^fflWjNmtwf'li^'tftNmM)) 

+ 2jfei d yi (yi Nm S c(v)w(v) Nmf^ 1 - 1 /!^'^ Nm(»)) 
+ d yi (2 Vl Nm S c {v)w{v) Nm(v) kl (p, Nm(t/)) 



We deal here only with the third term in this expression, the remaining two terms being of a 
similar ilk. Let f(v) = 2 Nm S c(v)w(w) Nm(v) kl h^ k2+1 \p, Nm(ti)). We find that 

dyi (m/W) = 2Nm S c(v){w(v)+ yi d y Mv)}NiHv) kl h ik2+1) (p,Nm(v)) 
+ 4fcii/?(Nm S c(!;)) 2 j t) (!j)Nm(D) fcl " 1 ^ 2+1 '( ft Nni(i;)) 
+ \y\ (Nm 5 c (v)fw(v) Nm(v) kl h {k2+2) (p, Nm(t))). 
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We carry out the same process for z\ and get similar expressions. Adding together the 
expressions corresponding to y\ and z\ we get the contribution 

9 yi (yif(v)) + d Zl ( Zl f(v)) 

= 2Nm S c(v) {2w(v) + yid yi w(v) + Zid^wiv^Nmiv^h^+^ip^miv)) 
+ 4fci(y? + zl)(Nm S c(v)) 2 w(v)Nm(v) kl ~ 1 h ( - k2+1) (p,Nm(v)) 
+ A{yf + zl)(Nm S c{v)) 2 w{v)Nm(v) kl h ik2+2 \p, Nm(v)) 

= Ei (v) Nm 5 c ( v ) Nm(v) kl h {k2+1) (p, Nm(«)) 

+ E 2 {y) Nm S c(?)) Nm(v) kl+1 h^ k2+2 \p, Nm(v)), 

with E\{v) = (4 + Ak\)w{v) + 2{y\d Vl w{v) + z\d Zl w{v)) and E2(v) = 4w(v). On dealing with 
the other terms in a similar fashion, this concludes the proof of the lemma when ^5 = 1. 

Let 2 ^ M ^ n + T2. For the inductive step let us assume the veracity of the lemma 
for all subsets of {1, . . . , r\ + T2} of cardinality at most M — 1. Now let 5 be any subset of 
{1, . . . ,r± + r 2 } with M elements. We write S = Si U {j} for some S\ of cardinality M — 1 
elements. For simplicity we shall assume that j ^ ri, the complex case being handled similarly. 
The induction hypothesis implies that there exist smooth weights wsi,kiM> w Si\i k ^ ^i(^O) 
such that 

d Sl K{v) = w SlMyk2 {v)^m(v) k ^h^\p^m{v)) 
d{S x ) 

+ £ 4?i 1 , fc2 (^) Nm 5f(«)Nm( W ) max ^ fcl+m - 1 ^( fe2+m )(p,Nm( U )). 

m=0 

Taking the derivative of this with respect to Vj, we obtain 
8 s K{v) = 8 3 {w Sl ,k lM (v)Nm(v) k 'h^(p,Nm(v)^ 

+ S 5 i (47 i i 1 . fc2 («)Nm 5iC (w)Nm(i;) max { ' ,Cl+m - 1 >/i( fc2+m )(p,Nm( U ))) . 

m=0 

An application of the induction hypothesis shows that the first term here is satisfactory for 
the lemma. Turning to the mth summand, we see that 

^(47i 1 ,fc 2 (^) Nm ^(^)Nm( U ) max ^ fcl+m - 1 >/ l ( fc2+m )(p,Nm(t;))) 
= ^■(Nms^jj^.feW Nm(u) max {°' fcl+m - 1 >/ l ( fc2+m )(p,Nm(i;))) 
+ Nms^dj (w { ™l iM (v) Nm („ ) ™{o,ti+™-i}| 1 (W m ) (ftNm( „ )) j _ 

Since j ^ n, we have dj(Nms c (v)) = Nmsc(ti) here. Thus the first term is already in the 
desired form and we need to investigate the second term, G(v), say. Applying the induction 
hypothesis we obtain weights w™ kl k , wi^.'™^ G W\{V), such that 

G{v) = Nm 5i c(z;)4 m ^, fc2 ^)(Nm^)) max ^ fcl+m ~ 1 >/i( fc2+m )( /9 ,Nm(7;)) 
+ Nm S j(u) J2 Nm {j} c{v)w { ™£l 2 {v)(Nm{v)y nax ^^ 

n=0,l 
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But Nmsc(u) = Nm,sc(t>) and Nmgc (v) Nm/j ;\c (v) = Nmsc(?;) Nm(u), whence 
G(v) = Nm S c(u) Wi 4 m ^ 2 (u)(Nm(?))) max { ' fcl+m ^'/i( fc2+m )(p,Nm(j))) 
+ Nm 5c (r;)t4 m fc ; U^ 

n=0,l 

This is satisfactory for the lemma and so concludes its proof. □ 

We shall ultimately be interested in a version of Lemma 6.1 in the special case fei = = 0, 
when ds is replaced by an arbitrary power of ds- This is an easy consequence of our work so 
far, as the following result attests. 

Lemma 6.2. — Assume the same notation as in Lemma 6.1 and let N G Z^o- Then there 
exist weight functions ws,n 'i w sn^ G W\{V), such that 

d£ {w(v)h(p,Nm(v))} = w s , N (v)Hp^m(v)) 

N Nd(S) 

n=l m=0 

Proof. — We argue by induction on TV ^ 1, the case N = 1 being Lemma 6.1. The induction 
hypothesis ensures that 

N Nd(S) 

d% +1 {w(v)h(p^m(v))} = w s ,n(v) +Y. E ^S<v) n w^\v), 

n=l m=0 

where 

w s ,n(v) = d s (w s ,N(v)h(p,Nm(v))), 
w { $?\v) = d s (^WNrnW^^^^lftNin^))) , 

for ws,n,Wsn^ G W\{V). Invoking Lemma 6.1 to evaluate ws,N and w^p\ it is a simple 
matter to check that one arrives at an expression suitable for the conclusion of the lemma. □ 

6.2. Estimation of p p (v). — We now apply our work in the previous section to the task 
of estimating p p (v), as given by (6.2). Let p <C 1, with log/9 having order of magnitude log P. 
The following result shows that p p (v ) is essentially supported on the set of v G V for which 
J4?(v) < p~ l P e , in the notation of (5.5) 

Lemma 6.3. — Let e > and N G Z^o- Then we have 

Pp (v)<.n p- 1 (p-'F^wrf. 

Proof. — Recall that 

Pp( v ) = / W2(x)h(p,Nm(x))e(—vx)dx, 
Jv 

where u>2 G W\(y). In particular (x) <C 1 for all x G supp(u>2). This in turn implies that 
Nm^fi) <C 1 for any x G supp(u>2) and any subset S of {1, . . . , r% + r2}. 
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Let S C {1, . . . , n + ^2} and let N £ Z^o- Lemma 6.2 implies that 

N Nd(S) 

dg{w 2 (x)h{p,Nm(x)} <SLnY1 |Nm(2;)r ax ^ m - n >|/i( m )(p,Nm(x))|. (6.4) 

n=0 m=0 

Integration by parts yields 

p P (v)^ N \Nms(v)\~ N [ \d% {w 2 (x)h(p,Nm(x))}\dx. (6.5) 

Let e > 0. We split the integration here into two parts J\ + J 2 , where J\ arises from 
I Nm(x)| pP e l d and J 2 is the contribution from | Nm(x)| > pP e / d . 

Beginning with the latter, we deduce from taking Nm(i) <C 1 in (6.4) that 

Nd{S) 

J 2 «iv £ J {x)<<1 \h^(p,Nm(x))\dx. 

m =° I Nm(i) I >pP £ / d 

On the domain of integration Lemma 3.2 implies that h^ m \p, Nm(x)) <Cm,M p- l ~ m p- Me / d ^ 
for any M G Z^o- Recall here that log p has order log P. Thus, on taking M sufficiently large, 
we have J 2 -^.n P~ Ne / d . Turning to the estimation of J\, a further application of Lemma 3.2 
yields h^ m \p, Nm(x)) < p"™" 1 for any m E Z^o- Hence (6.4) gives 

JV Nd(S) 

dg{w 2 (x)h(p,Nm(x)} ^tv^P" 1 "" ^ (p~ 1 |Nm(aO|) 11Mx{0 ' m - n} 

n=0 m=0 
iVd(S) 



m=0 

We therefore obtain 

Nd(S) 

Ji^NP^ N Y, <*>«! IP^Nm^rdrc 

m =0 |Nm(a;)|<pP £/<i 

„ --1-JV p^e 
<Cat p -T , 

since ^ ri + r2 ^ <i 

Combining our estimates for J\, J 2 in (6.5), we therefore obtain 



p p (v) « JV I NmsWI^ + p-i-^P^) 



Since p <C 1 the second term here clearly dominates the first and we therefore conclude the 
proof of the lemma on taking S = T(v), in the notation of (5.4) and (5.5). □ 

Lemma 6.3 will be effective when J4?(v) is large, but we will need a companion "trivial" 
estimate to deal with the remaining cases. This is provided by the following result. 

Lemma 6-4- - - We have p p (v) <C | logp| r ' 1+r2_1 . 

Proof. — We break the integral over x = (x^\ . . . , x( ri+r2 )) G V in (6.2) into two parts 
I\ + 1 2 , say, where I\ is the contribution from x such that |x^| < p for some 1 ^ I ^ r± + r 2 , 
and I 2 has \x®\ ^ p for every 1 ^ I ^ r\ + r 2 . Since supp(w2) < lwe deduce from Lemma 3.2 
with i = j = N = that h < 1- 
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Turning to the second term, we take i = j = and N = 2 in Lemma 3.2 to deduce that 

h^l + p" 1 i , min < 1, — — - \ dx 

(*><l [ | Nm(x)| J 



1 



< 1 + P 1 / (as)<i dx + p ( x)<1 — - dx 
J mm t \x®\>p J min l \x^\>p 1 iNm WI 

p> | Nm(i) | p4.\ Nm(i) | 

<i+iio g pr i+r2 - 1 . 

This completes the proof of the lemma since | logp| S> 1. □ 

6.3. Application of Skinner's estimates. — In this section we show how Skinner's treat- 
ment of cubic exponential integrals in [15, §6] can be recycled here to help deal with the 
integral K(v,m) that appears in (6.3). Recall the definition (5.2) of the weight function uj 
and define 



I(v,m) = / oj(x./P)e(vF(x) — m.x)dx, 



for v £ V and m £ V n . Note that this is equal to the integral I(v, — m) introduced in [15, 
Eq. (5.7)]. Then it easily follows that 



\I(v, m) - K{v, m)| < e ~( lo s p ) I 2 . 

Returning to (5.3) and (6.3), we shall in this section mainly be concerned with the contribution 
from non-zero phases 



M (P)= E E (Nb)-"5 b (m)/ b (m) 



mGb 



E E (Nb)- n S b (m) ! Pp (v)K(Q- 2 v,m)dv 



Nb<Q d ( m )^P A 



E /, E (Nb)~ n 5 b (m)p p (7;)/(Q- 2 7;,m)d7; + 0(l) 



(O)^bCo-" o^mGb 
Nb«Q d ( m )CP A 

Let jW (z, m) denote the Ith. component of I(z, m), so that I(z, m) = f\i J®(z, m). We are 
now in a position to apply [15, Eq. (6.32) and Lemma 20], which gives the following result. 

Lemma 6.5. — Let e > and B®(z) = P e (P _1 + \z^\P 2 ). Then we have 

^ ^ (p £ mm{P nc ',\Pz^\- nc '/ 2 }, if\m®\ <C 
[ exp(— 5 (log P(2 + |m^)|)) 2 ), otherwise. 

In particular, when \m^\ <C B^ l \z) for all I, we have 

r'l+r-2 

/(z,m)«P <fe min{P nc MPzWr nC! / 2 }. 
!=1 
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Lemma 6.5 allows us to freely truncate the m summation in (6.6) to m satisfying 

\m®\ < B®(Q- 2 v) = P- 1+£ (1 + \v®\), (6.7) 

with acceptable error. For such m we deduce that 

I(Q- 2 v,m) < P de Y[mm{P nCl ,\PQ- 2 v^\- nc '/ 2 } 
i 

<C P d£ Y[mm{P nCt ,\P~ 2 v^\- nc '/ 2 } 
l 

< p dn+de j?( v y n / 2 , 

where we recall that Jf?(v) is given by (5.5). Inserting this into (6.6) yields 

M(P) < 1 + P dn+d£ f ^{v)~ n/2 Yl (Nb)- n |S b (m)||p p (tO|d7;. 

(O)^bCo V O^meb™ 
Nb«2 d (6.7) holds 

Let 

R p = {v £ V : Jf(v) < p~ l P 2e }. 
Using Lemma 6.3 to estimate p p (v), we see that the overall contribution to the above estimate 
from v G V \ R p is 0(1). When v G R p we will simply invoke Lemma 6.4, which gives 
Pp{v) < | logp| ri+r2 - 1 < P e . Hence we may write 

M(P) < 1 + ^ /" JT(t;)- n / 2 ^ (Nb)- n |5 b (m)|d7;. 

(O)^bCo ^ O^mGb" 
Nb<Q d (6.7) holds 

Notice that R p ^ {v e V : Jt?(v) < p3<i/2+2 £ | = ^ gay _ Let ^ t ^ e characteristic 

function of R p . Then we may write 

M{P) < 1 + pdn+(d+l> f E ( v ^ p) dV) ( 6 8 ) 

Jr 

where 

%P) = ifW"' 1 / 2 Yl E (Nb)- n |5 b (m)|. 

(O)^bCo O^meb™ 
Nb<Q d (6.7) holds 

We proceed to show that the outer sum is actually restricted to Qq <C N b <C Qi, for suitable 
parameters Qo and Q\. 

Notice that for v £ R, we have v £ R p if and only if J(?(v) <C p~ l P 2e . Recalling that 
/) = <5~ c( N b, we see that v G i? p if and only if 

Nb < P^qfjeiv)- 1 = p M/2+2£ j?{vy l = q u 

say. Recall from (6.7) that |m^| <C P _1+e (l + |w^|) = B", say, for m = (mi, . . . ,m n ) G b n . 
Hence 

| Nm(m;)| < | Nm(5)| < P~ d ^-^3fP{v\ 

for 1 ^ i ^ n. Let m G b n be non- zero and suppose, without loss of generality, that mi ^ 0. 
Then mi G b = b _1 D _1 , and so mibd is integral. It follows that Nm(mi) Nm(b) 1 and so 
Nm(mi) ^ Nm(b) -1 . This in turn yields (Nb)" 1 <C p- d ( x - £ ) J^(v), which implies that 

Nb > P^-^Jfiv)' 1 = Qq, 
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say. Bringing this all together in (5.3) and (6.8), and replacing 2e by e, we may now record 
the following result. 

Lemma 6.6. — Let e > and let B = 0,5^, with B® = P~ 1+£ (l + \v®\). Let 
Q = pW-^JPty)- 1 , Qi = P 3d/2+£ J^{v)-\ 

Then we have 

N W (F,P) = V (Nb)- n S b (0)h(0) + o(l + P d ^- 3 ^ d+1 ^ f E(v,P)dv), 

Nb«Q d 

with R = {v G V : Sf{v) < P M /2+ £ } and 

E(v,P) = J?(v)- n / 2 Yl E (Nbr n |5 6 (m)|. 

Qo<Nb<Qi imCOl^BO 

In applying this result the goal is to show that f R E(v, P)dv <C for a suitable constant 

A > 0. When Jtff(v) is small, one sees that Q$ is large and one can hope to gain sufficient 
cancellation in the exponential sums S'b(m). On the other hand, when Jf?(v) is large, then 
Qi is small and the exponential sums involved are small. However, in this case, the factor 
Jf(v)" n / 2 will produce the necessary saving. This is the main idea behind our application of 
Lemma 6.6. 



7. Cubic exponential sums 

The purpose of this section is to make a careful analysis of the exponential sums S&(m) 
occurring in Theorem 5.1 and Lemma 6.6 when F € o[Xi, . . . ,X n ] is a non-singular cubic 
form, with n ^ 3. Here b is an arbitrary integral ideal and m £ b n . Applying Lemma 2.3, we 
see that there exists 7 = ^/0, for u, a G such that {y) is coprime to b, which allows us to 
write 

5 b (m) = Yl £ e ( a ^( a ) + m - a ) • 

a£(o/b)* a (mod b) 

It follows from our work in §2.3 that 

o 7 = bd. (7.1) 

Moreover, there exists a prime ideal pi coprime to be), such that (a) = bdp\. The following 
simple result, established by Skinner [15, Lemma 3], will prove useful in our analysis. 

Lemma 7.1. — Suppose that a, b,c are integral ideals such that a = be. Then we have the 
following: 

(i) if a S satisfies ord p (a) = ord p (b) for all p | o, then 

0/0 = {/? + fiat : (3 G o/b, fx G o/c}; 

(ii) if, furthermore, b and c are coprime and if a, A G satisfy ord p (a) = ord p (b) and 
ord p (A) = ord p (c) for all p \ a, then 

o/a = {aii + A/3 : /3 G o/b, /x G o/c}. 
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There is an abuse of notation at play in this lemma, in that the sets involved are actually 
coset representatives for o/o, o/b and o/c. 

Since we aim to monopolise upon the existing work of Skinner, we will begin by indicating 
how our expression for 5b(m) is related to the exponential sums 

5( 7 , b)= e( 7 F(a)-b.a), 

a (mod o-y) 

that emerge in Skinner [15, Eq. (5.6)], for b £ o 7 . This is the object of the following result. 

Lemma 7.2. — For any integral ideal b and m £ b n we have 

S b (m) = D K n S(a 7 ,-m). 

ae(o/b)* 

Proof. — Recall from (7.1) that a 7 = bd. Hence for any m £ b n we have 

5(a 7 ,-m) = ^2 E e(a 7 F(a) + m.a). 

oe(o/b)* ae(o/b)* a (mod 60) 

By Lemma 2.2 (i) we may find f3 £ b such that ord p (/3) = ord p (b), for each prime ideal p | bd. 
Then Lemma 7.1 allows us to write a = b + /3c, with b running modulo b and c running 
modulo t), giving 

S(a 7 ,-m)= E E E e(a 7 F(b + /3c) + m.(b + /3c)). 

ag(o/6)* aG(o/6)* c (mod 0) b (mod 6) 

Since a 7 = bt) and b | (/3), it follows that 7 /3 G 6, whence e(a 7 F(b + /3c)) = e(a 7 F(b)). 
Moreover, if m £ b then one has e(/3m.c) = 1, since /3b = /3b^ 1 6 C 6. Thus 

^ 5(a 7 ,-m) = (NDr ^ ^ e(a 7 F(b) + m.b) 

ae(o/6)* aG(o/b)* b(mod6) 

= D n K S b (m), 

as required. □ 

It will be convenient to pass from exponential sums modulo b indexed by b n , to exponential 
sums modulo b indexed by o n . Define 

SbW= E E e( 7 {aF(a)+v.a}), (7.2) 

a£(o/b)* a (mod 6) 

for any v £ o n . It follows from our work in §2.3 that this expression is independent of the 
precise choice of 7. Since (z/) is coprime to b, we may write 

5b (m) = ^2 ^2 e (a 7 F(z^a) + z^m.a) = 5 b (am), ,^ ^ 

ae(o/6)* a (mod b) 

on making a suitable change of variables in the a and a summations. Note here that am 
belongs to o n . In fact, following the notation introduced at the start of this section, one easily 
sees that am belongs to p". 

The exponential sums (7.2) satisfy the basic multiplicativity property 

£&i& 2 (v) = 5 6l (v)5b 2 (v), 
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if bi, b2 are coprime integral ideals. We will use this decomposition to analyse <5t,(v) at the 
square-free and square-full parts of b separately. To check this we write b = bib2 and recall 
that a 7 = bd. Applying Lemma 2.2(i) we find a and A such that ord p (a) = ord p (bi) and 
ordp(A) = ord p (b2) for all p | bd. Lemma 7.1(h) then allows us to write a = Xb + ac and 
a = Ab + ac, for b, b (mod bi) and c, c (mod b2), to get 

S b (v)= E E E e( 7 }(A6 + ac)F(Ab + ac) + v.(Ab + ac)}) 

&G(o/bi)* cG(o/b2)* b (mod bi) c (mod 62) 

= E E e(A 7 {6A 3 F(b)+v.b}) £ £ e (a 7 {ca 3 F(c) + v.c}) 

6G(o/bi)* b (mod bi) cG(o/b 2 )* c (modb 2 ) 

= E E e(A 7 {6F(b)+v.b}) Yl E e(a 7 {cF(c)+v.c}). 

6G(o/bi)* b(modbi) cG(o/b 2 )* c(modb 2 ) 

The multiplicativity property therefore follows on noting that a^ 7 = bit) and o Q7 = b2?> ■ 

7.1. Square-free b. — Let G G o[-X"i, • • • ,X n ] be the dual form of F, whose zero locus 
parameterises the set of hyperplanes whose intersection with the cubic hypersurface F = 
produce a singular variety. It is well-known that G is absolutely irreducible and has degree 
3 • 2 n ~ 2 . The primary aim of this section is to establish the following result, which is an exact 
analogue of [7, Lemma 13]. 

Lemma 7.3. — Let b be a square-free integral ideal and let v £ o n . Then there exists an 
absolute constant A > such that 

|5 b (v)| ^ A^(Nb) (n+1)/2 (Nf>) 1/2 , 

where f} is the greatest common divisor of b and (G(v)). 

Now for any square-free ideal b it follows from [15, Lemma 23], Lemma 7.2 and (7.3) that 

\S b (y)\ ^ A^ b \Nb) n/2+1 . 

Hence, by multiplicativity, in order to complete the proof of Lemma 7.3 it will suffice to show 
that 

5 p (v) < (Np)( n+1 )/ 2 , (7.4) 

when p is an unramified prime ideal such that p { G(y). In particular we may freely assume 
that F and F v are both non-singular modulo p, where -F v is the cubic form in n — 1 variables 
obtained by eliminating a variable from the pair of equations F(X.) = and v.X = 0. In 
order to bound Sp(v) we introduce a dummy sum over an extra variable t to get 

V (p)8 f (y)= E E E e( 7 {at 3 F(a)+v.a}) 

aG(o/p)* te(o/p)* a(modp) 

= E E E e( 7 {aF(a) + tv.a}) 

aG(o/p)* tG(o/p)* a(modp) 

= E I E E e( 7 {aF(a)+tv.a})- £ e(a 7 F(a)) 

aG(o/p)* \t (modp) a (modp) a(modp) 
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where t is the multiplicative inverse of t modulo p. But clearly 

E E E e( 7 {aF(a)+tv.a}) = Np £ £ e(a 7 F(a)), 

aG(o/p)* t (modp) a (modp) ag(o/p)* a(modp) 

p|v.a 

since v G o n . Assuming without loss of generality that v n 7^ 0, we may eliminate a n from this 
exponential sum, leading to the expression 

^(P)S p (v)= Y, ( N P E e(a 7 F v (a'))- Y e(a 7 F(a))j, 

aS(o/p)* \ a' (modp) a(modp) J 

where a' = (ai, . . . , £%— 1). Since i* 1 and F v are non-singular modulo p, it follows from Deligne's 
estimate [3, Theorem 8.4] that the two terms in the brackets are 0((Np)( n+1 " 2 ). This 
therefore establishes (7.4), which concludes the proof of Lemma 7.3. 

7.2. Square-full b. — In this section we examine the exponential sum S^v) in (7.2) for 
square- full integral ideals b and suitable v G o n , the main idea being to average over the v. 
We begin with the following result. 

Lemma 7.4. — Let B = 0, B® G V, with B® > 0. Let e > and let b be any square-full 
integral ideal. Let c be an integral ideal which is coprime to bt), with bt)c principal. Then we 
have 

Y l<Sb(v)| < (N b) n/2+l+£ (Nm(B) n + (N b) n/3 ' 
| V (0| <B (0 

TTie implied constant in this estimate does not depend on c. 

Proof. — By hypothesis there exists a G such that bdc = (a). Therefore ab = bc)c(fa0) — 1 = c 
and it follows that any v G c n can be written v = am for m G b . Following our conventions, 
we may view a = (a", . . . , a( ri+r2 )) as an element of V by setting = Pj(a). Hence (7.3) 
and Lemma 7.2 yield 

Y i5 6 (v)i= y i^(«" lv )i 

vGc" vGc" 

| V (0|^B(0 |v( ! >|:£BW 



< E i^( m ) 



m£b n 

| m (0|^| a (i)|-iB(0 



< E E |S(a 7 ,-m)|. 



a€(o/b)* mG b n 

|m«|^| a (0|-i B (0 

Since b | a 7 it follows that b C cu. Enlarging the sum over m, [15, Lemma 21] yields 

E l^( v )l < E ( N b ) n/2+£ ( Nm («)" n Nm(S) n (N b) n + (N b) n/3 ) , 
vec n ae(o/b)* 

for any e > 0. The lemma follows on noting that Nm(a)" 1 N b = (N D N c) _1 ^ 1. □ 
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We will need a companion estimate which deals with the problem of averaging over those 
v at which the dual form G vanishes. The rest of this section will be devoted to a proof of 
the following result. 

Lemma 7.5. — Let B = ® ; B^ G V , with > 0. Let e > and let b be any square-full 
integral ideal. Then we have 

£ \Sb(v)\ < (N b Nm(6)) £ ((N b) n+1/2 + (Nm(B)) n - 3 / 2 (N b) n/2+4/3 ) . 

vGo n 
|v«|CB« 
G(v)=0 

Lemmas 7.4 and 7.5 are precise analogues of Lemmas 14 and 16, respectively, of Heath- 
Brown [7]. The proofs for general number fields are very similar to the case K = Q and we 
shall attempt to be brief in our demonstration of Lemma 7.5. The rationale behind this result 
is the need to make up for the loss in Lemma 7.3 when G(v) vanishes. Following Heath-Brown 
[7, §7] we will get extra savings from two sources: firstly by summing non-trivially over a and 
secondly by using the relative sparsity of vectors v such that G(v) = 0. 

Since b is square-full we may write b = b\ b2, where b2 is square-free and b2 | b\. Let us set 
q = N b and qi = N bj for i = 1,2. Let 7 be as before and recall (7.1). Applying Lemma 2.2(i), 
let /3 G bi and fi G b2 such that ord p (/3) = ord p (bi) and ord p (^) = ord p (b2), for all p \ bd. 
Notice that 0^2^ = t). Adapting the argument leading to [15, Eq. (8.5)], we obtain 

&( v ) = £ £ e( 7 {aF(a)+v.a}) 

a£(o/b)* a (mod b) 

= E E E < 7 K(f+w+v.(f+w}) 

aG(o/b)* f (mod bifa2) g (mod bi) 

= E E e( 7 {aF(f)+v.f)}) £ e( 7 /3//{ag.VF(f)+v.g}). 

ae(o/b)* f (mod bib2) g(modbi) 

Here e( 7 -) is a primitive character modulo b and e( 7 /3/i-) is a primitive character modulo bi, 
since = b\d. This implies that 

S b (v) = <tf £ £ e( 7 {oF(f)+v.f)}). 

ae(o/b)* f(modbib 2 ) 
aVF(f)+vGby 

Writing a = t + u/3, we obtain 

S b W = q? E E <7{^(f)+v.f}) £ e( 7 /3nF(f)) 

tg(o/bi)* f(modbib2) u(modbib2) 

= <?i +1 ^ E E (1)e W ti? ( f )+ v - f })' 

te(o/bi)* f 

where indicates that f runs modulo bib2 subject to the constraints iV-F(f) + v G b" 

and F(f) G bib2- Here we have used the fact that e( 7 /?-) is a primitive character modulo 
bib2- Since j3 G bi and b2 | bi, it follows that /3 2 G bib2- We next substitute f = h + /3j. 
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Then, if F(h) = /3m, we will have F(f) G b±b2 precisely when m + j.V-F(h) G 62- Moreover, 
if tVF(h) = -v + /3k, then 



tF(f) + v.f = tF(h) + v.h + /3 2 (k.j + ih.VF(j)) (mod b). 



It follows that 



E e( 7 {aF(f)+v.f}) 



y max 
~"' m,k(modb2) 



^ (3) e( 7 /3 2 {k.j + th.VF(j)}) 



where ls f° r h modulo b\ such that iV-F(h) + v G b™ and -F(h) G bi, and i s over J 

modulo b2 for which m + j.VF(h) G b2- 

Let x = 7/3 2 and note that b2t) = a x . Therefore e(x-) denotes a primitive character modulo 
b2- We proceed by bounding the inner sum over j, which we write as . By orthogonality 
we have 

5(3) =9 2 " 1 E E e( X {/m+(k + /VF(h)).j)+th.VF(j)}) 

I (mod &2 ) j (mod I12) 



<C max 

k (mod b2) 



E e(x{k.j + th.VF(j)}) 

j (modb 2 ) 



We proceed by adapting the argument leading to [15, Eq. (8.13)]. Let Sk,h denote the sum 
over j (mod b2). Then 

|5 k , h | 2 = E E e( X {k.(j 1 -j2) + th.(VF(j 1 )-VF(j 2 ))}). 

ji (mod b 2 ) J2 (mod b 2 ) 

Write ji = j 2 + J3 to get 

h.(VFQi) - VF(j 2 )) = h.VF(j 3 ) + 6j 2 .B(h, j 3 ) (mod b 2 ), 
where B(x, y) is the system of n bilinear forms defined in [15, §2]. It follows that 

|5 k , h | 2 = E e(x{k.j 3 + th.VF(j 3 )}) E e(6xtj 2 .B(hJ 3 )) 

j 3 (modb 2 ) j 2 (modb 2 ) 

« 92 n #{j3 (modb 2 ) : B(h,j 3 ) G (6"% fl of}. 

Thus we have shown that < qz /2 K(b 3 ; h) 1 / 2 , where b 3 = 6" 1 b 2 n o and 

K(b 3 ; x) = # {y (mod b 3 ) : B(x, y) G b%} . 
Once inserted into our work so far we therefore obtain 



« q rv 2 /2+1 e E"^( b 3;h) i/2 . 

te(o/bi)* h 

It is now time to introduce the summation over v, defining 



v(2) 



jY = max 

r (mod b 



#{v G o n : \v®\ < B®, G(v) = 0, v = r(modbi)) . 



(7.5) 
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Then we have 

£ \S b (v)\« q rV 2 /2+l ^ £ A-(t. 3 ;h) 1 / a = tf+ 2 ^ a+1 ^(b), 

veo" h(modbi) 
|v»|<B» F(h)ebi 
G(v)=0 

say. The following result is concerned with an upper bound for S(b). 

Lemma 7.6. — There exists an absolute constant A > such that S(b) ^ q^~ 1 q^ 2 ■ 

The proof of Lemma 7.6 is the exact analogue of the treatment of S(q) in [7, §7] and we 
have decided to omit the proof. Note that the analogue of [7, Lemma 4] (resp. the estimate 
So(p 9 ;0) <C p( 5n / 6+1 + £ )9) is provided by [15, Lemma 10] (resp. by Lemmas 7.3 and 7.4). 
Applying this result in our work above now yields 

veo" 

|v»|<B(0 
G(v)=0 

where JV is given by (7.5). Finally, it follows from Lemma 2.5 that 

£ |5 6 (v)| « ( g Nm(fl))^^ A + N^y- 3/2 ; 



veo" 
|v«|<s(0 

G(v)=0 
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for any e > 0. Since g = g 2 (/2 and cj2 ^ q 1 ^ 3 , the above bound is 

« (qNm(B)Y [q n+1 / 2 + (Nm^))^ 3 / 2 ^^)"/ 2 ^/ 4 ^ 4 } 

< ( 9 Nm(B)) J {g n+1 / 2 + (Nm(B)) n - 3 / 2 g n / 2+4 / 3 } . 
This therefore concludes the proof of Lemma 7.5. 



8. Final deduction of Theorem 1.1 

In this section we complete the proofs of Theorems 1.1 and 5.4, by combining our analysis of 
the exponential sums in §7 with Lemma 6.6. In what follows it will be notationally convenient 
to follow the convention that the small positive constant e takes different values at different 
parts of the argument. 

Recall from Lemma 6.6 that 

E(v,P)=J!?(vr n/2 £ £ (Nb)^|5 b (m)|. 

(O)^bCo 
Qo<Nb<Qi | m (!)|<B(0 

where Jt?(v) is given by (5.5) and = P~ 1+£ (l + with 

q = p d ^- £ ^(v)-\ Qi = p 3d / 2+e je(v)-\ 

We will need to show that there exists an absolute constant A > 0, which is independent of 
e, such that 

/ E(v,P)dv <.P~ A , (8.1) 
Jr 
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where R = {v £ V : Jf{v) <C P M / 2 + £ }. 

We now write b = bib 2 , where bi is square-free and b2 is square-full. By Lemma 2.2(h) 
there exists a' G b 2 ^> and an unramihed prime ideal p2 coprime to b2, such that (a') = b 2 dp 2 
and Np2 *C (N b) £ . Likewise, a second application of this result shows that there exists a € bd 
and an unramihed prime ideal pi coprime to bp2, such that (a) = bc)pip2 and Npi <C (N b) £ . 
Let us write q = P1P2 in what follows. In particular we have b = a _1 q. Let = B®\a®\ 
and B\ = Q) l b[ 1 \ In order to apply our estimates for exponential sums from the preceding 
section, we invoke the connection in (7.3) to get 

E(v,p)=jf( V )-^ 2 y ( Nb r n E i^(« m )i 

Qo<Nb<Qi 0^me(a- 1 q) n 

m (i)|<_B(0 

=^(v)- n ' 2 y ( Ni >y n E i&mi- 

Qo<Nb<Qi O^meq" 
|m(0|<BW 

Observe that Nm(B) < P~ d+£ Jf («) and Nm(a) < NbNq, whence 

Nm(Bi) < (Nb) 1+£ P~ d+e jr(t;). (8.2) 

In all that follows we will use the notation q = N b, (/i = N bi and q 2 = N b2- 

Lemma 7.3 implies that S'(, 1 (m) <C g[ n+1 ^ 2+£ (N f)) 1//2 , where f) is the greatest common 
divisor of bi and (G(m)). Hence, since q C p 2 , it follows from multiplicativity that 

E(v,p)<.p^(v)- n / 2 Y q- n q ( i +l)/2 E (Nf)) 1/2 |^ 2 (m)|. 

Qo<N b<Qi O^mepJ 
b=blb2 |m(0|«B( i > 

Our goal is to show that (8.1) holds for a suitable absolute constant A > 0. On breaking the 
sum over bi, b2 into dyadic intervals for N b\ and N b2, it will suffice to show that 



/ max E(v, P: M)dv <C P' 
J R M 1 ,M 2 »l 



f 

Q <M 1 M 2 <Q 2 

where E(v, P; M) denotes the contribution to the right hand side of the above estimate for 
E(v, P) from bi, b 2 such that M* ^ qi < 2Mj, for i = 1, 2. 

It is now time to distinguish between whether G(m) is zero or non-zero in the summation 
over m, where G is the dual form that we met in §7. Accordingly, we write 

E(v, P; M) = P £ J?(v)- n / 2 (E^v, P; M) + E 2 (v, P; M)) , 



where 



E 1 (v,P;M)= Y W n+1)/2 E (Nf)) 1/2 |5 &2 (m)| 



bi,b 2 m£p£ 
Mi^qi<2Mi G(m)^0 



E 2 (v,P;M) = Y Q~X /2+1 Y I^MI- 



Mi^qi<2Mi G(m)=0 



|mW|<Bi 
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It now suffices to show that 



Fi= [ Ji?(v)- n/2 max EAv, P; M u M 2 )dv < P" A , (8.3) 
J R Afi,M 2 >l 



f 

Qo<M 1 M 2 <Q 2 



for i = 1,2, for a suitable absolute constant A > 0. Let us put M = M\M 2 - 

8.1. Treatment of F\. — Let A 6 o be non-zero and let {b\,A) denote the greatest 
common divisor of b\ and (A). Then there are at most 0(A £ ) ideal divisors of A and it 
follows that 



c\(A) e|bi 

Mi^gi<2 

«E<N0" 2 (^) 



bi c|(A) c|bi 

Mi<gi<2A/! Mi<gi<2Mi 



c|(A) 

< Mivl £ . 

Applying this with A = G(m), we deduce that 

S 1 ( W ,P;M)«P £ Af 1 (3 ^ )/2 M 2 - £ ^ \S b2 (m)\. 

b 2 O^mepJ 

Af 2 ^ 2 <2M 2|m(0|<<B ( 

Now it is clear that there are 0(M 2 1//2+e ) square-full integral ideals b 2 with norm of order M 2 . 
But then Lemma 7.4 and (8.2) yield 

E x (v, P; M) < P £ M 1 (3 ~ n)/2 M^ n Yl Af 2 " /2+1 (Nm(Pi) n + M™ /3 ) 

f>2 

M2Cg2<2M 2 

<C P £ M^ n)/2 M 2 - n M 2 [n+3)/2 {p- dn M'(v) n M n + M™ /3 ) 
<C P £ M( 3 ^ n ')/ 2 (P~ dn ^(«) n M n + M"/ 3 ) 

= p£(p-dnjp ^n M (n+3)/2 + M 3/2-n/6y 

Notice that the exponent 3/2 — n/6 is negative for n ^ 10. Since Qq <C M -C Qi and n ^ 10, 
we therefore obtain 

Ei(v,P;M) <C P £ (p- dri ^» n Q^ +3)/2 + Q 3/2 " n/6 



= P £ ^p~d(n-9)/4 ( w )(™- 3 )/ 2 + p-<*(n-9)/6 ^>^n/6-3/2 
« P"^/6+- ^(i,)(n-3)/2 + ^ (u )"/6-3/2^ _ 

Inserting this into (8.3) and applying Lemma 5.3, this therefore shows that 

F x <C P~ d l %+£ [ J^(v)- 3/2 dv < P" d / 6+£ , 
JR 



which is satisfactory. 
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8.2. Treatment of F 2 . — According to Lemmas 7.4 and 7.5 we have 

E 2 (v,P;M)< £ M~ n Mi 2+l £ l& a (m)| 

61,62 O^mep;, 1 
Mi^qi<2Mi G(m)=0 

|mW|<BW 

« P e £ M""M™ /2+1 M 2 n/2+1 .#. 

61,62 

Here 

= min {Nm^O™ + M™ /3 , M 2 (n ~ 1)/2 + Nm(#i) n - 3 / 2 M 2 1/3 } 
^ M 2 n/3 + Nm( J B 1 ) n - 3 / 2 M 2 1/3 + min {Nm(£i) n , M 2 ( " ~ 1)/2 } 

say. We write ^2 j for the overall contribution to E 2 (v, P; Mi, M 2 ) from for j £ {1, 2, 3}. 

Beginning with the contribution from , we sum over O(Mi) ideals b x and 0(Af 2 /z+e ) 
square- full ideals finding that 

£2,1 « P e £ M- n M'l /2+l Ml n,&+1 

61, b2 

M i sJ gi <2M i 



p£_/\^(9-")/6 



since 2 — ra/2 < 3/2 — n/6 < for n ^ 10. Taking M 3> (5o> inserting the outcome into 
the left hand side of (8.3) and then applying Lemma 5.3, this therefore shows that this case 
contributes 0(P~ d ^ +e ) to F 2 , which is satisfactory. 

Turning to the contribution from ^ 2 , we apply (8.2) and sum over bi and b2, as before. 
In this way we obtain 

£2,2 «P e £ M- l M 1 n/2+1 M 2 n/2+1 Nm(B 1 )'- 3 / 2 M 2 1/3 

bi,62 

Mi^qi<2Mi 

« p-<*(n-3/2) +£jr(?;) n-3/2 ^ M~ 3 / 2 J< /2+1 A^ /2+4/3 

bi,b2 

Mi^ 9i <2Mi 

< p-rf(«-3/2)+ £jr(u) n-3/2 M n/2+l/2 M n/2+l/3 
^ p-d(n-3/2)+e ^^-3/2^/2+1/2 _ 

Taking M <C Qi, inserting the outcome into the left hand side of (8.3) and then applying 
Lemma 5.3, the ^ 2 term is therefore seen to contribute 



^ p-d(n-3/2)+3c£(n+l)/4+£ f yp, 

JR 

^ pd(-n/4+9/4)+e 
^ p-d/4+e 



- 2 dv 
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to F2, since n ^ 10. 

It remains to deal with the term ^#3, for which we take min{^4, B} $C ^4( n_2 )/( n_1 )iJ 1 /( n ~ 1 ). 
In view of (8.2), this gives 

^3 <C P e (MP^^)) M 2 1/2 . 
Summing over b±, 62 as before, we obtain 

£2,3 « P £ (p- d ^{v)) n{n ~ mn ~ X) Yl M- n ^M^ /2+1 M^ /2+3/2 

Mi^ qi <2Mi 

/ , \ n(n-2)/(n-l) ,„ „ ,, „. 

«P £ (p- d jf(v)) M n/2+2-n/(n-l)_ 



Taking M < Qi, inserting the outcome into the left hand side of (8.3) and applying 
Lemma 5.3, the ^#3 term therefore contributes 

< p -dn(n-2)/(n-l)+ E f j^( v yn/2+n(n-2)/(n-l) Qn/2+2-n/{n-l) dy 
JR 

^ p-dn(n-2)/(n-l)+3d(n/4+l-n/(2n-2))+e j Jf^-lfo 
„ p-dn(n-2)/(n.-l)+3d(n/4+l-n/(2n-2))+E 



toF 2 . ThisisO(P- d / 18+£ ), since n ^ 10, which therefore concludes the proof that (8.3) holds 
for i = 1,2. 

8.3. Conclusion. — Bringing everything together, our work so far has established the 
following result. 

Lemma 8.1. — Assume that n ^ 10. Then there exists an absolute constant A > such 
that 

N W (F,P)= CQ J^\ V (Nb)-"5 b (0)/ b (0) + O(P^- 3 )- A ). 

U K (O)^bCo 
Nb«3 d 

Our remaining task is to show that the main term here converges to the main term predicted 
in Theorem 5.4. Recall from §6 that p = Q~ d Nb. Lemma 8.1 implies that it is enough to 
consider the sum 

£ (Nb)-"5 b (0)/ b (0). 

(O)^bCo 
Nb<Q d 

According to (5.6) and (6.1) we have 



I b (0) = P dn [ W(x)h(p,Nm(F(x)))dx 
Jv n 

= P dn [ 3(v)h(p,Nm(v))dv. 



Jv 

Now it follows from Lemma 4.1 that 



f(v)h(p, Nm(,))d, = ^/(0) + N (Xf {N+1) p N ), 
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for any N > and any / G Wi(V), in the notation of (2.7). Recalling the properties of the 
weight function 3 discussed in §5, and in particular (5.7), it therefore follows that 

K r>dn^fn\ _l D,„ ( odn+eN 



/ fa (0) = JL_fLj^J( ) + N (P*"+V j . (8.4) 
The analysis of 3(0) is the object of the following result. 
Lemma 8.2. - - We have (log p) 2 ^ 1 "™) < 3(0) < (logP) 2 ^ 1 "™). 

Proof. — Recall that VF(x) = wo(x)oj(x), with wo and lo as in §5. It follows from (5.6) that 

^) = f^yn ^(X)dx 
J F(x)=0 
ri+r2 



1 IT' A /> 

II L^eK? »o(x (i V(x (,) )dx( 

1=1 T?(l)<^(l)\-n 



F(')( x (0)=o 

[ Dfj(0) + O(e 



ri+r2 

-(logP) 2 



where 



Df,(0) = | w(x«)dx«, 



the integral being taken over x' ! ' S -fT™ for which F^(x^)) = and ||x^ — ^ (logP)" 1 . 
In the last step we have used the fact that outside the set ||x^ — ^ (logP) -1 we have 
w(x^) = 0(e~( logP ) ), whereas u>o(x^) = 1 within it. 

We begin by analysing 3/(0) for I r\, making the change of variables u = x — £ and then 

«i = F (/) (u (/) + £ w ), Vi = uf ] for 2 ^ i < n. 

According to (5.1) we have = /®(v), whence dx^ = du^ = dv. Let 

K«) = / (0 (v) 2 + «I + ••• + «£. 

It now follows that 

J z (0) = / / (P) + O(e-^ p ) 2 ), 

with 

J,(P) = J exp(-(logP) 4 5 (0^2,...,^)) <9/(0(0 ^'""' Un) d^---d^ i 

where the integral is over V2,...,v n £ M such that g(0, U2, • • • , f n ) ^ (log-P)~ 2 . The term 
Ii(P) precisely coincides with the term ii(0) from [7, page 252], the analysis of which shows 
that (logP) 2 ^-™) < J,(0) <C (logP) 2 ^-"). 

An analogous method can be used to show that when I > n, one has 

(logP) 4 ^") « 0f,(0) < (logP) 4 ^. 

In fact one finds that 3/(0) is asymptotically equal to 4(0,0), in the notation of [15, §12]. 
Taken together with our work above, this leads to the conclusion of the lemma. □ 
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Taking N = 1 in (8.4) we obtain 

]T (Nb)-"5 b (0)/ b (0) = ^P d "J(0) £ (Nb)""S b (0) 

Nb<Q d Nb<Q d 

- .5) 

+ | p rfn+ £ p(Nb)- n |5 b (0)| 

Nb<Q d 

We begin by dealing with the error term in this expression. Thus let 

ei = £(N&r n |s b (o)|, 

b 

the sum being over all non-zero integral ideals b. Recalling that p = Q~ d N b, we see that 
p(Nb)-"|5 b (0)|«P" 1 Yl (N&rWO)|+ £ (Nb)""|S b (0)| 

Nb<Q d Nb<P" 1 Q d Nb>P~ 1 Q d 

«P- 1 6 1 + ^ (Nb)" n |S b (0)|. 

Nb>P~ 1 Q< 1 

Adopting the notation q,qi,q2 from above, it follows from Lemmas 7.3 and 7.4 that 

Hence, on breaking into dyadic intervals for qi,q2, we easily deduce that 

^ (Nb)-*|S 6 (0)| « ]T g 1 1 - n/2 g 2 1 - n/6 « A 3 / 2 ""/ 6+e « A" 1 /^ 

Nb>A bi,b 2 

q>A 

for n ^ 10. In particular this establishes the convergence of @i and, a fortiori, the absolute 
convergence of & in (5.8). We deduce that 

Y (Nb)~ n ,S b (0) = 6 + o(p- 3 / i2+e ) 

Nb<Q d 

and 

^ p(N b)" n |5 b (0)| « P" 1 + (p- 1 Q d y 1 / 6+£ « p-Vi2+^ 

Nb<Q d 

in (8.5). Once inserted into Lemma 8.1, under the assumption that n ^ 10, we see that there 
is an absolute constant A > such that 

N W {F,P) = CQ ^ 2 t w ? 63(0)^ (n ~ 3) + 0(P d( - n - 3) - A ). 

j-^(n—l)/2 
U K 

Here cq = 1+On(Q~ n ). Moreover, the lower bound 6 3> 1 is standard and can be established 
using the argument of Pleasants [12, Lemma 7.4], for example. Hence an application of 
Lemma 8.2 shows that 63(0) has the order of magnitude claimed in Theorem 5.4, thereby 
concluding our argument. 
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